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Ldi moi dau 


Trong bat dang thijfc c6 dien thi bat dang thufc xoay vong la mot noi dung hay va 
kho. Co nhtfng bat dang thtfc co dang kha ddn gian rihimg phai mat hang chuc nam, 
nhieu nha toan hoc mdi giai quyet dupe. Vi du nhit bat dang thhc Shapiro dupe dat 
ra vao nam 1903 bdi Neishbitt. 

VPi 3 so khong am a,b,c chtmg minh rang: 


a + b + c > 3 
b — a IH? a a — b '2 


(dcJn gian) 


va dang tong quat: 

M6 rong vdi n so a 2 , ■ ■ ■, a n thi: 


a 2 + 03 03 + 04 Oi + 02 2 

Khi nao dung, khi nao sai. 

Den nam 1954 the la sau 52 nam, Shapiro mdi tong ket lai gia thuyet nay nhu 

sau: 

1) Bat dang tliUc dung vdi n le < 23 

2) Bat dang tliUc dung vdi n chan <12 

Con lai sai. 

Hoan toan tu nhien ta thay con rat nhieu dang bat dang tliUc xoay vong khac 
thi bat dang tliUc la gi, khi nao dung, khi nao sai hoac luon luon dung. Trong bai luan 
van nay cluing toi xay dung dupe mot dang bat dang tliUc xoay vong tong quat ma 
cac trUPng hpp rieng la nhUng bai toan kho va rat kho co the sit dung trong nhung de 
thi hoc sinh gioi. 

Luan van nay gom co 2 chitcfng: 

Chrfdng 1: Bat ding thde xoay vong (TYinh bay nhiJng ket qua da co ve 
cac bai bat ding thufc phan thifc.) 

Chitdng 2: Mot dang bat ding thufc xoay vong (Xay drfng bat ding thufc 
vdi cac trudng hdp ddn gian, tong quat bai toan) 
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Em xin chan thanh cam On cac cac thay co khoa Toan-Cd-Tin hoc trong thdi 
gian hoc tap d trildng Khoa Hoc Tcf Nhien, cac thay co Khoa Scf Pham DH Quoc Gia 
Ha Noi, cac ban trong ldp Srf pham Toan 48. Dac biet la si 1 InrOng dan, giup dd tan 
tinh cua thay TS Nguyen Vu Lrfdng da giup dd em hoan thanh khoa luan nay. 
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Chifdng 1 

Bat dang thufc xoay vong 

1.1 Bat dang thtfc Schurs 

1.1.1 Bat dang thufc Schurs va he qua 

Bai 1 (Bat dang thilc Schurs) 

Vdi x, y, z la cac so there ditcing, A la mot so there bat ki, cluing minh rang: 

x x (x -y)(x- z) +y x (y - z)(y - x) + z x (z - x)(z - y) > 0 

Dau bang xay ra khi vao chi khi x = y = z 
ChiCng minh 

Chu y rang khi co hai bien so bang nhau thi bat dang thilc hien nhien dung. 
Chang han khi y = z ta co: x x (x — z) 2 > 0. Dau ” = ” xay ra khi x = y — z. Khong 
mat tinh tong quat ta co the gia thiet rang: x > y > z 
+ Xet tntdng hap A > 0 
Bat dang thilc co the viet lai drfdi dang: 

{x - y)[x\x -z) + y x (y - z)\ + z x (z - x)(z - y) > 0 

Sil dung dieu kien x > y ta thu drfdc 

M > (x - y)(y - z)(x x - y x ) + z x (x - z)(y - z) > 0, (VA > 0) 
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do do bat dang thtfc dung. 

+ Xet trudng hap A < 0 
Ta co 


M = x x (x - y)(x — z) + (y — z)[z x (x - z) - y x (x - y)} 

Sd dung dieu kien y > z (hay x — z > y — z ) ta co: 

M > x x {x — y){x — z) + (y — z)(x — y){z x — y x ) > 0, (VA < 0) 

Vay bat dang thde can drfdc chdng minh. 

Bai 2 (Bat dang thtfc Schurs mdi rong) 

Gia sd I la mot khoang thuoc M va / : I —» M + la mot ham ddn dieu hay 
/” (x) > 0, Vx e I. Vdi x\,x 2 ,x 3 e I, chdng minh rang: 

f(x i)(xi - x 2 )(xi - x 3 ) + f(x 2 )(x 2 - x 3 )(x 2 - Xx) + f(x 3 )(x 3 - xi)(x 3 -x 2 )>0 (1) 


Dau ” = ” xay ra khi va chi khi x\ — x 2 — x 3 . 

Chvtng minh 

Vi / la ham ddn dieu hay /” (x) > 0, x e I nen ta co bat dang thtfc: 

/[A, +( i-A )y] <M + m. m 


Vx, y G I va A e (0,1) 

Khong mat tinh tong quat ta gia stf x\ < x 2 < x :i (vi neu 2 trong 3 bien bang 
nhau thi bat dang thtfc luon dung, dau bat dang thtfc xay ra khi xi = x 2 — x 3 ). 

Chia hai ve cua (1) cho (x 2 — x 3 )(x 2 — Xi) < 0 ta thu dffdc: 




( X 3 -Xx \ 
\ x 2 -Xx) 


f(x 3 ) < 0 


& f(x 2 ) < 


f X 3 X\ \ 

\x 3 -x 2 ) 


1) + 


f X 3 Xi \ 

\x 2 -Xi) 


) 
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Dat: A = - 


x 3 - x i 

A^i + (1 — X)x 3 


ta thu drtdc bat dang thile (2) dung hay (1) dung. 

Bai 3 (Mot dang md rong cua bat dang thtfc Schurs) 

Xet a, b , c, u, c, w la cac so tliirc ditdng chtfng minh rang: 

a) Neu p > 0 va 

ap + cp < ftp; u 1 *?'^ > v 1 §? 

Ta co: ubc — vea + wab > 0 

b) Neu — 1 < p < 0 va 


ap + cp < bp; UtMfsdr w i+ * < v W 


Ta co: ubc — vea + wab < 0 
c) Neu p < — 1 


ap 


+ cp > ftp; 


U^'+W i+P < 


Ta co: ubc — vea + wab > 0 

Dau bang cua bat dang thtfc xay ra khi va chi khi 


a p -f C'' - b p ; wi+p-.T? U) 1+Jl = wW. 

Chiing minh 

a) Neu p > 0 ta co: —-— .txr = 1 

1 + p ;v : 

Ap dung bat dang thtfc Holder ta co: 

i i i i / i i\ — i 

a 1 •" (itc) 1 ^ c 1 (?m) 1 i-p < If//’ — 1 ’’ (uc + wa )p+ T 


Luy thtfa p+1 hai ve ta co: 


a Ws, (uc) P+ 1 +"*#+? (wa) P+ 1 < ( ap + cp J (uc + wa) 


<^> ac -fr jyi+p'j <fap+cp^ (uc + wa) 
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Ap dung gia thiet bai toan ta co: 


/ Ajj ? * ** 1 \ P +1 

acv < ac ( u 1 ^ + wlwj < b{uc + wa) 


suy ra ubc — acv + wab > 0 
b) Vdi — 1 < p < 0 ta cung co: 


11 p + 1 

——r dy§!r = 1 vdi -- < 0 

p + 1 2±t p 


Khi do bat dang tilde Holder co chieu ngrfdc lai: 

i i i i / i i\ — i 

4-c I +p(n;a) I +p > ( ap+cpj (uc + wa)^ 

Luy thrfa p+ 1 hai ve ta drfdc 

•+> ac (u '-p — tit 1 > (aA dr-c^ ( uc + wa) 

Ap dung gia thiet phan b) (chu y p + 1 > 0, p < 0) ta co: 

acv > ac (u — w 11 ^ > (uc + wa) (ap + c^ > (uc + wa)b 

suy ra: abw — auv + ubc < 0 
c) Vdi p < — 1 ta cung co: 


^ +VEr = lvdi P + 1<0 


Ap dung bat dang thrfc Holder: 

i i i i / i i\ - E — 

a 1 + (?/<-•) 1 ip- + C V < P (ira) H* < l dr — (:r j '' (uc — tea)' 
Luy thrfa p+ 1 hai ve (chu y p + 1 > 0) ta drfdc: 

ac (uHp — m;< [ap +cp] (uc + wa) 
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Ap dung gia thiet phan c) (chu y p + 1 < 0) ta co: 

acv < ac j < (uc + wa) + cp^j <(uc + wa)b 

suy ra: ucb — acv + wab > 0 
Bai 4 (Bai toan he qua 1) 

Vdi x > y > z > 0. / la ham ddn dieu hay /” (x) = 0 \/x > 0 va / nhan gia tri 
tren M + , chilng minh rang: 

f(x) | f(y) | f{z) >Q 
y — z z — x x — y ~ 

Chiing minh 

Ap dung bai toan 2 ta co: 

f(x)(x -y)(x-z) + f(y)(y - z)(y - x) + f(z)(z - x)(z - y) > 0 
Chia 2 ve cho (y — z)(z — x)(x — y) < 0 ta thu drfdc bat dang thhc can chhng 

minh. 

Bai 5 (Bai toan he qua 2) 

Vdi x, y, z,a,b,c> 0 thoa man dieu kien: 

a 2 + b 2 < c 2 

X 3 +y3 > z 3 

chiing minh rang — + y > - 
a b c 
Chang minh 

Ap dung bai toan 3 vdi p 

xbc — zab + yac > 0 

Chia 2 ve cho a, b , c ta co bat dang thhc can chhng minh. 
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1.1.2 Mot so bai toan minh hoa 

Bai 6 

Gia sil A ABC khong nhon, chiing minh rang: 

27 64 125 

sin A sin B ~ sin C 


Chiing minh 

Ap dung bai toan 5 vdi dieu kien 

{ sin 2 A + sin B < sin 2 C Tam giac khong nhon 
27s + 64 i = 125s 

Ta thu dude dieu phai chiing minh. 

Bai 7 

Cho a,b,c la cac so thuc duong thoa man dieu kien 


1 1 1 


r 2 + y 2 < zi 


Chiing minh rang: — + j < - 
a b c 

Chiing minh 
Ta co: 



Ap dung bat dang thile Holder ta co: 


a 2 (xb)* + (ya)* > ( xb + ya)^(a 3 + b 3 ) 2 

** (a6)i (m +y^) > ( xb + ya ■)* Q, + 

Til gia thiet suy ra: 
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Do do ta co bat dang thilc 
(abz)z > (ah)* (xi + y^ > (xb + ya ) 5 ci 
^ abz > (xb + ya)c 



Bai 8 


Vdi a, b, c la ba canh cua mot tam giac bat ki p = ———, cluing minh rang 


(p - ay + (p - by + (p - c) 4 + S 2 > a(p - a) 3 + b (p - c) 3 + c(p - a) 3 


(Vdi S la dien tfch tam giac ABC ) 

Chhng minh 

Cluing minh bat dang thilc Schurs vdi A = 2 ta co: 
x 2 (x — y)(x — z) + y 2 (y — z)(y — x) + z 2 (z — x)(z — y) > 0 
«=>• x A + y 4 + z 4 + xyz(x + y + z) > x 3 (y + z) + y 3 (z + x) + z 3 (x + y) 
Dat: 

c \x + y + z = p — a + p — b + p — c = p 


x — p — a 
y = p — b 
z — p — c 


g 

xyz = (p - a)(p - b)(p -c) = - 
y + z = (p — b) + (p — c) — a 


\x + z = b,x + y = c 

Thay vao (1) ta co bat dang thilc can chilng minh. 


Bai 9 


Vdi x, y , z drtdng thoa man: 


(1) 


hay tim gia tri ldn nhat cua bieu thilc sau: 


Chttrig minh 

Ap dung bat dang thilc Schurs vdi A = —2 ta co: 

\( x ~ y)( x ~ z ) + 4 (y ~ z )(y ~ x ) + 4( z - x )( z -y)>° 

xyz 
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y 


y 


x y z 

Dang thile xay ra khi x = y — z — 1 
Vay M max = 6 

Bai 10 

Vdi h a , h b , h c la do dai cac drfbrig cao cua mot tam giac ABC bat ki, cluing minh 

rang: 


.1 1 1 . 

2| m + a| + m I + 


h a hbh c 


“ - ' h 2 n + h 2 h + hi 


Trong do r la ban kmh vong tron noi tiep A ABC 
Chilny minh 

Ap dung bat dang thile Schurs vdi A = 1 ta co: 
x{x -y)(x-z) + y(y - x){y - z) + z(z - x)(z - y) > 0 
x 3 + y 3 + z 3 - x 2 (z + y) - y 2 (z + x) - z 2 (x + y) + 3 xyz 

<$■ 2(x 3 + y 3 + z 3 ) — (x + y + z) (x 2 + y 2 + z 2 ) + 3xyz > 0 
1 1 11111 
Dat x = —,y = —,z = — (vi - — + — = -) 
h a h b h c h a h b h c r 

Bai 11 

Vdi a, b, c la ba so thrfc ldn hdn 1, chilng minh rang: 


, a ,, b, b . c. c ^ „ 

a log 2 - log 2 - + b log 2 - log 2 - + c log 2 - log 2 - > 0 

be c a a b 


ChvCng minh 

Ap dung bat dang thile Schurs mb rong vdi fix) = 2 X ta co: 


2 Xl (x i - x 2 ){xi - x 3 ) + 2 X2 (x 2 - x 1 )(x 2 - x 3 ) + 2 X3 (x 3 - xi)(x 3 - x 2 ) > 0 
Dat x\ — log 2 a, x 2 — log 2 b, x 3 — log 2 c ta co bat dang thile phai chilng minh. 


GV hitdng din: TS Nguyin Vu LvtOng 


11 


Sink vien: Nguy in Van CvtOng 



Tim tai lieu Todn ? Chuyen nhd - 


v.toanmath.com 


Khdci luan tot nghiep toan set cip 


Sit Pham Toan 48 


1.2 Bat dang thtfc xoay vong khac trong tam giac 

Trong muc nay ta chi de cap den each xay dung bat dang thde xoay vong trong 
AABC vdi 3 cap bien quay vong: A, B, C la 3 gdc tam giac ABC va x, y , z ( x , y, z la 
3 so there) bat dau th bieu there luon dung \/A.B, C, x , y, z 

Bai 1 

Vdi moi A ABC, x, y, z la ba so tlntc dudng tuy y, cliimg minh rang: 
yz cos A + zx cos B + xy cos C < - (x 2 + y 2 + z 2 ) 


Chvtng minh 
Ta co: 

(x — y cos C — z cos B) 2 + (y sin C — z sin B ) 2 > 0 Vx, y, z > 0 
x 2 + y 2 ( cos 2 C + sin 2 C) + z 2 (cos 2 B + sin 2 B) 

+ 2yz(cos B cos C — sin B sin C) — 2 xy cos C — 2 xz cos B > 0 
x 2 + y 2 + z 2 — 2 (yz cos A + zx cos B + xy cos C) > 0 
yz cos A + zx cos B + xy cos C < ^(x 2 + y 2 + z 2 ) 

Dau bang xay ra khi va chi khi 


y cos C + z cos B — x 

<S=> 

y sin C — z sin B = 0 
■ y 2 — 2 yz cos (B + C) + z 2 


y 2 cos 2 C + 2 yz cos B cos C + z 2 cos 2 B = x 2 
y 2 sin 2 C - 2 yz sin B sin C + z 2 sin 2 B = 0 


Si4 = 


r|| 


Trfdng tit: 


2yz 


cdsB = 

cdsC = 

CdS^l = 

cds B = 

cos C — 


Z 2 + X 2 - y 
2 zx 

x 2 + y 2 - z 2 
2 xy 

b 2 + c 2 - a 2 
2 be 

c 2 +a 2 - b 2 
2 ca 

a 2 + b 2 — c 2 
2 ab 
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Vay: 

x — ka 

i y = kb (k > 0) =>• x, y, z la 3 canh cua mot tam giac 
z = kc dong dang vdiA ABC 

Tir bai toan 1 ta co the xay ditng drfdc cac bat dang thhc mdi trong tam giac. 

Bai 2 

Vdi moi tam giac AABC, a, b, c la 3 so there ditcing, chdng minh rang: 

, ^ ^ 1 (xy yz zx\ 

x cos A + y cos B + z cos C < - [ — + -—I- 

2\z x yJ 


Ch'tlng minh 

Ap dung bai toan 1. Thay x.y, z lan lrfdt bdi —, - ta co: 

x y z 

1 ,1 1 _ 1 / 1 1 1 \ 

— cos A-\ -cos B H-cos + + 

yz zx xy 2 \x z y z 

^ x cos A + y cos B + z cos C <- (— + — + — 

2 V x y z 

Dau bang xay ra khi - la do dai 3 canh cua tam giac dong dang vdi tam 
x y z 

giac ABC. Cho x, y , z la cac gia tri cu the ta thu drfdc cac bai toan tim gia tri ldn 
nhat, nhd nhat, cac bat dang tlitfc kho trong tam giac. 

Bai 3 

Tim gia tri ldn nhat: 


M = 2 cos A + 3 cos B + 4 cos C 


Trong do A, B, C la ba goc cua mot tam giac. 

ChUng minh 

Ap dung bai toan 2 vdi: 

[x = 2 


y = 3 

z = A 


Ta co: M < 


1 /4.3 2 A T3\ _ 61 

: 2 ^ 2 + 3 + 4 j “ 12 
Dau dang tliilc xay ra khi ta chon AABC 


AA'B'C' vdi A A'B'C' co ba canh 
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la Vay maxM = — 

234 12 

Bai 4 

Cho tam giac A ABC, cluing minh rang 


n . A n . B A . C 61 
2sm-+3sm-*4sm ? <- 


(1) 


Chiing minh 
Dat: 

A = tt-2A' 

< b = 7 r — 2 B' =4> A! + B' + C' = 7T A', B', C' la 3 goc cua A A'B'C' 

C = n-2C' 

Ta co: (1) 2 cos A' + 3 cos B' + 4 cos C' < ^ 

Ap dung bai toan 3 co bat dang tlitfc dung. Dau dang tliilc xay ra neu 


A A'B'C' 




Cluing minh rang 


1 1 1 108 
2 sin A 3 sin B + 4 sin C ~ 61 


(Trong do A, B, C la ba goc cua mot tam giac nhon) 

Chilng minh 

Ap dung bat dang thile Cauchy ta co: 

-—-— 7 + -—- + -—— ] (2 cos A + 3 cos B + 4008(7) > 9 VA ABC nhon 
2 cos A 3 cos B 4 cos C ) 

1 1 1 ^ 9 

- 1 - 1 ->- 

2 cos A 3 cos B 4 cos C ~ 2 cos A + 3 cos B + 4 cos C 

ma theo bai 3 ta co: 
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suy ra dieu phai cluing minh 
1 


1 1 9.12 _ 108 

2 cos A 3 cos B 4 cos C ~ 61 61 


Bai 6 


Cluing minh rang trong moi tam giac A ABC ta deu co: 


1 2 A 1 2 B 1 2 C 395 

_ tan _ + _ tan _ + _ tan _>_ 


(i) 


Ch'iing minh 
Ta co: 

/1X 1 / 1 \ 1 / 1 \ l ( l 395 

() ^4\cos 2 4 J+elcos 2 # ) + 8 (cos 2 4 ) “ 4056 


4 cos' 


2 

1 11 

+ S- P~R + 


6 cos 2 y 3 cos^ 

1 


_ 108 

^ - 169 
1 


108 


2 + 2 cos A 3 + 3 cos B 4 + 4 cos C 169 
Ap dung bat dang thiic Cauchy ta co: 

- a —I- 77 T 7 - 7 -— J [(2 + 2 cos A) + (3 + 3 cos B) 

2 + 2cosA 3 + 3cosS 4 + 4cos(7/ v ' v 

+ (4 + 4 cos C)] > 9 

1 1 1 9 

l cos A 3 + 3 cos B 4 + 4 cos C 

Ap dung ket qua bai toan 3 ta co: 


( 2 ) 


( 3 ) 


9 9 _ 108 

2 cos A + 3 cos B — 4 cos C — 9 !i |.+ 9 169 


( 4 ) 


Th (3) va (4) ta co bat dang thiic (2) dung suy ra (1) dung. 


Cluing minh rang vdi tam giac A ABC nhon ta co: 

/6T 


a) V2 cos A + \/3 cos B + \J 4 cos C < 3 y — 


b) ( 1+ 2 ^a) ( 1+ 3 ^Lb 

Chiing minh 
a) Ta co: 


1 - - > . 97 

4 cos C ) ~ I 61 


/2cosA+ V3cos B + vAcosC 


A 


2 cos A + 3 cos B + 4 cos C 
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(Chtfng minh nhd bat dang thtfc Jensen xet ham f(t) = U trong (0, +oo) ) 
Ap dung bai toan 3 ta co: 


2 cos A + 3 cos B + 4 cos C ^ 3 / 61 
3 “ V36 


i 

V 2 cos A + V 3 cos B + V 4 cos C > 3\ — 
V 36 


b) Ta co 


M ~ ( 1 + 2^) (j+sTs) ( 1 + l7c) 


- 1 + 


111 

2 cos A 3 cos B 4 cos C 
1 


6 cos A cos B 12 cos B cos C 8 cos C cos A 


(2 cos A) (3 cos B) (4 cos C) 

Ap dung bat dang thtfc Cauchy ta co 


I (2 cos A) (3 cos B) (4 cos C) 

- - -^ 

(2 cos A) (3 cos B) (4 cos C)) 

_i_y 

y/(2 cos A) (3B) (4 cos C)) 

Ap dung bat dang thtfc Cauchy ta co: 


(2 cos A) (3 cos B) (4 cos C) 


O M> 1 + 


M> [If 


2 cos A + 3 cos B + 4 cos C J 


^ 1 fAfe- 


1 + ^J =$ 


a) 


Chtfng minh rang vdi moi tarn giac A ABC ta co: 

1 7a I ~B f 1 7 B I ~7c 

If. 2 36 2 V 36 2 64 2 


/ 1 A C 1 , A f- 395 

+ VM tan 2+i6 tan 2 -^'4056 
3 cos B 4 cos C 2 cos A > 108 

4 2 A 9 cos 2 B 16 cos 2 C ~ 61 

Vdi A ABC la tarn giac nhon. 

ChUng minh 

a) Ap dung bat dang thtfc Bunhiacopxki ta de dang chtfng minh difdc: 
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1 A 

Thay a = - tan 2 —, b = 
y 4 2’ 


1 9 S 

- tarn —, c = 
6 2 ’ 


1 9 C 
- tarn — 
8 2 


v'i 


, ,4 1 a B 

tan 4 -1-tan 4 -1- 

16 2 36 2 


1 a B 1 A C 
-tan*-+-tan*-+ 


m (\ -A 1 ,B 1 C\ 

¥ + gtw — + - tan -J 
Ap dung bai toan 6 ta co: 

y/2 


v'i 


1 

tan 4 — + — tan 4 — 


1 9 A 1 9 £ 1 9 C 

4 tan 2 + 6 tan 2+8^ 2 


_ 395 
: 4056 


(1) 


( 2 ) 


Ttf (1) va (2) ta co bat dang thile can cluing minh. 
b) Ap dung bat dang thile Bunhiacopxki ta co bat dang thile sau: 


(3) 


a 2 b 2 c 2 
(Vi - + - + - = 
b c a 


1 b 2 c 
- + - + - 


Ap dung (3) vdi a = 


(a + b + c)^a + b + cy =a + b + 
a+ b + c a + b + c 
b = -—, c = -—. Ta co: 


3 cos B ’ 


4 cos C' 


3 cos B 4 cos C 2 cos A 

7 + 


4 cos 2 A 9 cos 2 B 


_ J_ 1 1 

16 cos 2 C ~ 2A 3 cos B 4 cos C 


Ap dung ket qua bai toan 5 ta co bat dang thile ditpc chilng minh. 

Bai 9 

Chilng minh rang vdi moi tarn giac A ABC ta co: a) h a cosA + h b cosB + 

h c cosC < -R 
4 

b) ( h a cos A + h b cos B + h c cos (7) 3 > — h a h b h c 
8 

(Vdi a, b, c la cac ditdng cao titdng ilng vdi 3 canh a, b, c. Dau dang thile xay ra khi 
A ABC deu). 

ChiCng minh 

a) Ap dung bai toan 2 ta co: 

. , , ^ „ 1 (h a h b h b h c h c h a \ 

h a cos A + h b cos B + h c cos C < - ( —-1—-— A- —— ) (1) 

2 \ h c h a h b ) 
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1 fh a h b h b h c h c h a \ (a 2 + b 2 + c 2 )S a 2 + b 2 + c 2 

™2{-hT + lT + -h) = * = 4 R 

9 

= R( sin 2 A + sin 2 B + sin 2 C) < -R 
Dang th ilc xay ra khi •$=>• A ABC deu. 
b) Til S — ah a = bh b — ch c ^ ~r = ~r = ~r 

h„ h b h, : 

=#- Dau bang trong bat dang thiic (1) xay ra VA ABC 
Mat khac ap dung bat dang thiic Cauchy ta co: 


1 (h a h b h b h c h c h a \ 1 3 /, 


Do do ket hpp vdi (1) khi dau dang thiic xay ra ta co: 


( h a cos A + h b cos B + h c cos C ) 3 > —h a h b h c 
8 

Dau dang thiic xay ra <=^h a = h b = h c <=^a = b = c<£> AABC deu 

Bai 10 

Chilng minh rang vdi moi tam giac AABC va AA 1 B 1 C 1 ta co: 


sin Ai 


cos A + cos B + cos C < 1 
sinAi cosBi cos Ci — 2 \^sinBi sinCi ' sinAisinCi ' sin A\ sin B 


sin Bi sin C i 

+ - 


Dau dang thiic xay ra AABC ~ AAiBiCi 

Chting minh 

Ap dung bai toan 2 vdi: 


1 1 1 
sin Ai ’ ^ sin B\ ’ sin Ci 

Ta co bat dang thiic can chilng minh. Dau dang thiic xay ra 


A ABC ~ A(sin Ai, sin Bi, sin C\) 
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A ABC ~ 


Bai 11 

Vdi hai tam giac AABC va tam giac AA\B\C\ bat ki, cluing minh rang: 

( bi + ci) cos A + (ci + di) cos B + (cti + b\ ) cos C < 

^ 1 I"(61 + Ci)(ci + ai) ^ (ci + ai)(ai + bi) + (&i + Ci)(ai + &i)j 

2 [ oti + bi b\ + Ci Ci + eti 

Dau dang thllc xay ra khi nao? 

Chvtng minh 
Ap dung bai toan 2 vdi: 
x — bi+ci 

\ y = Ci + ai ^ Ta co bat dang thilc can cluing minh. 

z — ai + bi 

Mat khac vdi ai,6i,ci la 3 canh cua AAxBxCx, gia sii a\ > bi > ci =>• 

i—-—, —-—, ——— cung la 3 canh cua tam giac. That vay ta co: 

61 + ci ci + oi 01 + 61 ' ' 


1 


1 


b\ + Ci Ci + ai 


-( vi ai > bi > Ci) 


Xet -— > -- - -. > — -. 

ax + b\ b\ + ( b\ + Ci) 2(&i + ci) 

—-— > ---> - - - 

a i + Ci Cx^ipi + Ci) 2(pi + Ci) 
111 111 
^ ;-1-— 1 - 1 -> -, - r~ 

a\ + Oi Oi + Ci b\ + Ci Oi T Ci Ci 4* cii eti + b\ 
la 3 canh cua mot tam giac. Vay dau bat dang tlnic xay ra khi 


A ABC 


A 


—-—, —-—, —-— ^ 

bi -r c i C‘i— a i a \ — b\ J 


Bai 12 

Vdi A, B, C la ba goc cua AABC bat ki, x, y, z la 3 so thiic tuy y, chiing minh 

rang: 

(—l) n [yzcosnA + xzcosnB + xycosnC] < ^(x 2 + y 2 + z 2 ) (1) 

Chilng minh 

[x + (— l) n (ycosnC + zcosnB)] 2 + (ysiitnC — zsinnB) 2 > 0 
44- x 2 -\-y 2 (cos 2 nC + sin 2 nB)+z 2 (cos 2 nB + sin 2 nB)+2(—l) n (xycosnC + xzcosnB ) 
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+ 2yz (cos nC cos nB — sin nC sin nB ) > 0 
ma cos nC cos nB — sin nC sin nB = cos n(B + C) = cos(mr — nA ) = (—l) n cos nA 
Vay ta co bat dang thile: 

x 2 + y 2 z 2 + 2(—l) n [xycosnC + yzcosnA + zxcosnB] > 0 


(—l) n (yz cos nA + zx cos nBxy cos nC) < -(x 2 + y 2 + z 2 ) 

Ta xet rieng tritdrig hop x, y, z ditdrig, dau dang thifc cua (1) xay ra neu: 

{ x — (—l) n+1 (ycosnC + z cos nB) 
y sin nC — z sin nB = 0 

[ y 2 cos 2 nC + z 2 cos 2 nB + 2 yz cos nC cos nB = x 2 


2 yz 


^ y 2 cos nC + z 2 sin 2 nB — 2 yz sin nC sin nB = 0 
y 2 + z 2 + 2 yz cos n(B + C) — x 2 
y 2 + z 2 2yz(—l) n cos nA = x 2 
&cosnA= (—l) n+1 ( V +Z 
Tildng tit: 


cos nC — (—l) n+1 


x + y - z‘ 
2 xy 


Dieu kien can ton tai AABC la: 

> 2 + . 


2 yz 

x 2 + z 2 -y 2 


2xz 

+ y 2 - 


2 xy 


< 1 
< 1 


x,y,z thoa man bat dang thde tam giac. 

x > y — z 
y > z — x 
z> x — y 
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Va ngrtdi lai neu chon x, y, z thoa man bat dang thhc tam giac (x, y,z > 0) thi 
ta luon tim drfdc 3 goc A, B,C la 3 goc cua tam giac de dau dang thilc xay ra. 

Bai 13 

Chilng minh rang trong moi tam giac A ABC ta co 


(_i)»+i f 1 cos ny \ + - cos nB + - cos nC ) <-( 
\x y z J 2 V 


x + y + z* 


Vx, y, z drfOng. 

ChUng minh 

Ap dung ket qua bai toan 12 ta co: 


(—l) n+1 (yz cos nA + zx cos nB + xy cos nC) < ~(x 2 + y 2 + z 2 ) 


Chia 2 ve cho xyz > 0 ta co: 


(-ir 


cos nA cos nB cos nC \ 1 / x 2 + y 2 + z 5 

x y z J ~ 2 \ xyz 


Dau dang thtre xay ra khi x, y, z > 0 thoa man bat dang tliirc tam giac. 

Bai 14 

Cho M — 6 cos 4 A + 2 cos 4 B + 3 cos 4 C (vdi A, B, C la 3 goc cua tam giac). Tim 
gia tri be nhat cua M. Chvtng minh 

Ap dung bai toan 13 vdi x — y — ^ z = ^ (thoa man bat dang thhc tam 

giac). Taco: (—1) 5 (6cos 4A + 2cos 4B + 3COS4C) < ^ 

6 cos 4A + 2 cos 4B + 3 cos 4C > 7 
Dau dang thhc xay ra neu: 



cos4A = —1 
cos 4B = 1 
cos 4(7 = —1 


•O’ 


A — 


7r 

4 


B = 


7r 
2 


7r 

4 
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Vay minM = —7 khi A ABC vuong can dinh B. 

Bai 15 

Cho 2 tam giac bat ki AABC va AA'B'C', cluing minh rang 
M = sin B 1 sin C' sin 5^4 + sin C' sin A' cos 5 B + sin A' sin B' cos 5 C < 


9 

8 


Chiing minh 

Ap dung bai toan 13 vdi x = sin A', y = sin B', z = sinC" ta co: 

M < ^ (sin 2 A' + sin 2 B' + sin 2 C') 

Mat khac trong moi tam giac AA'B'C' ta de co 


sin 2 A' + sin 2 B' + sin 2 C' < 


9 

8 


1 9 

Vay M < 

■ J - 2 4 

Bai 16 


9 

8 


Vdi tam giac A ABC bat ki, chting minh rang: 


4 cos 7A — 3 cos 7B + 5 cos 7 C > 


769 
_ 120 


Chting minh 


(- 1) 8 


- - - cos 7A + \ - cos 7B — \ - cos 7 C 
35 45 43 


1 1 

z = - ta co: 
3 5 

1 

< - 
“ 2 


1 


4cos7A — 3 cos 7 B + 5 cos 7(7 > —- + g + ^ 

769 

4 cos 7A — 3 cos 7B + 5 cos 7C > — 


1 1 1 
16 + 9 + 25 
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1.3 Su* dung bat dang thute Cauchy chilng minh mot 
so dang bat dang thilc xoay vong 

Bai 1 


Vdi a, b , c la cac so thrtc dicing, cluing minh rang 

a 3 b 3 c 3 a + b + c 

a 2 + b 2 + b 2 + c 2 + c 2 + a 2 ~ 2 


Chilng minh 
Ta co: 

a 3 _ a(a 2 + b 2 - b 2 ) _ ab ' 

a 2 + b 2 a 2 + b 2 ° a 2 + b 2 ~ ° a 


Trfdng tit 


b 2 + c 2 - b 2 


c 2 + a 2 - ° 2 


Cong cac bat dang thrfc tren ta thu drfdc bat dang thilc can chilng minh. 


Vdi a,b,c> 0; a, (3 ,7 > 0, chilng minh rang 


q 2t (l — a)b 2 ~\ | T6 2 + (l-/?)c 2 j | J c 2 + (1 - j)a 2 , > 


a 2 + b 2 


b 2 + c 2 


c 2 + a 2 


>(l-t)a+(l-|) 6 +(l-|)c 


Chilng minh 
Ta co: 

i 2 + (1 - a)b 2 


a 2 + b 2 
Trfdng tit ta thu drfdc: 


ab 2 


ab ab a 2 + b 2 ab 

b 2 J~ a ~ ab a 2 + b 2 ~ a ~ YY+b 2 =a ~Y 


•1*^1 **-f 


c 2 + (1 — 7 )a 2 ] 7 a 

c 2 + a 2 ~ C 2 
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Cong ve vdi ve cac bat dang thilc tren ta thu difdc bat dang thilc can chilng 


Chon a — (3 — 7 = 4 ta thu drfdc 


Vdi a,b,c > 0, chilng minh rang 

3 b 2 -a 2 \ ( 3a 2 — b 2 \ /3a 2 -c 2 \ 

+ b ) + c ) <«+f«+c 

Chon a = (3 — 1 ,7 = 2, ta thu drfdc. 


Vdi a,b,c> 0, cluing minh rang 


a 3 b 3 c 3 > b + c ca 2 

a 2 + b 2 + b 2 + c 2 + c 2 + a 2 - ~Y~ + C 2 + a 2 


Bai 5 


Vdi a, b, c > 0; a > 0, chilng minh rang 
; 3 b 3 


P = 


a + b + c 


a 2 + b 2 + aab b 2 + c 2 + abc c 2 + a 2 + aca a + 2 


Chilng minh 
Ta co: 


> 


a 2 + b 2 + aab a 2 + b 2 + f (a 2 + b 2 ) a + 2 \a 2 + b 2 
Trfdng tit ta co: 


b 3 2 

b 2 + c 2 + abc ~ a + 2 \a 2 + b 2 


Suy ra: 


c 2 + a 2 + aca a + 2 \c 2 + a‘ 


b 3 c 3 


2 a + b + c 


+ 2 I a 2 + b 2 b 2 + c 2 c 2 + a 2 | a + 2 2 
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Chon a = 1 ta drfdc 

Bai 6 

Vdi a, b, c > 0, cluing minh rang 

a 3 b 3 c 3 > a + b + c 

a 2 + b 2 + ab + b 2 + c 2 + be + c 2 + a 2 + ca ~ 3 

Chon a = - ta thu drfdc 
a 

Bai 7 

Vdi a, b, c > 0, cluing minh rang 

a 3 ab 3 c 3 > (a + b + c)a 

a 2 + b 2 + b + a(b 2 + c 2 ) + bc + c 2 + a 2 + c ~ 1 + 2a 

Chon a = —— > 0 ta thu drfdc 
abc 

Bai 8 

Vdi a,b,c > 0, eh ling minh rang 

ca 3 ab 3 be 3 /a + & + c\ 

c(a 2 + b 2 ) + 1 a(b 2 + c 2 ) + 1 b(c 2 + a 2 ) + 1 — \ 1 + 2 abc ) ° 


Trf ket qua bai toan 2, ta chon a = 2(1 — b), ft = 2(1 — c), 7 = 2(1 — a) ta drfdc 

Bai 9 

Vdi 0 < a, b, c < 1, chiing minh rang 


a(a 2 + 2 b 3 - b 2 ) + b(b 2 + 2 c 3 - c 2 ) + c(c 2 + 2 a 3 - a 2 ) > q2 + ^2 + c 2 


a 2 + b 2 


b 2 + c 2 


Bai 10 

Vdi a,b,c > 0, chiing minh rang 


a 3 + b 3 


b 4 c 4 1 f by/b Cyfc 

b 3 + c 3 + c 3 + a 3 2 ^ sfa + 


a-v/a \ ^ 

— 7 =- > a + b + c 

\/c J 


Chiing minh 
Ta cd: 
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a 4 a(a 3 + b 3 — b 3 ) ab 3 b\fb a^b^ 


a 3 + b 3 a 3 + b 3 


a 3 + b 3 y/a a 3 + b 3 


Suy ra 


a 4 b\fb a 3 + b 3 a 4 b\fb 

a 3 + b 3 — a 2y/a a 3 + b 3 ^ a 3 b 3 2 yfa ~ ° 


Tifdng til 


Cong cac bat dang thhc tren ta thu drfdc bat dang thilc can chrfng minh. 

Bai 11 

Vdi a,b,c> 0, chrfng minh rang 


b 4 

+ ^>6 

b 3 + c 3 

2Vh- 

c 4 

+ ^>c 

c 3 + a 3 

2 yfc- 


a 5 b 5 c 5 1 (b 2 # v 

—7 -7T + T"7-T H- 7 -1 -1- j -1-) > Cl b ~\ 

a 4 + b 4 b 4 + C 4 c 4 + a 4 2 V a b c ! 


ChUtng minh 
Ta co 


a 5 _a(a 4 + b 4 - b 4 ) _ ab 4 _ b 2 a 2 b 2 

a 4 + b 4 ~ a 4 + b 4 ~ ° a 4 + b 4 ~ ° a a 4 + b 4 


Suy ra 


Tildng til 


a 5 

a 4 + b 4 ~ a 2 a 


a 5 c 2 

b 4 + c 4 ~ 2b 


c 4 + a 4 ° 2c 

Cong ve vdi ve cua cac bat dang thilc tren ta thu dildc bat dang thhc can chhng 

minh. 

Bai 12 
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Vdi a, b, c > 0, chiing minh rang 


a(a 3 + b 3 ) b(b 3 + c 3 ) 
a 3 + 2 b 3 + b 3 + 2c 3 


c(c 3 + a 3 ) 
c 3 + 2a 3 


>-( a + b + c) 


Ta co 


a(a 3 + b 3 ) 
a 3 + 2 b 3 


a(a 3 + 2 b 3 - b 3 ) 
a 3 + 2 b 3 


a 


ctb 3 ^ oHM 
a 3 + 2 b 3 - a b a 3 + 2b 3 


Suy ra 

a(a 3 + b 3 ) ^ b 
a 3 + 2 b 3 ~ a 3 
b(b 3 + c 3 ) ^ c 
b 3 + 2 c 3 “ 3 

c(c 3 + a 3 ) ^ a 
c 3 + 2a 3 “ C_ 3 

Cong ve vdi ve cua cac bat dang thilc tren ta thu drfOc bat dang thiic can chimg 

minh. 

Bai 13 

Vdi a, b, c > 0, chiing minh rang 

a 5 b 5 c 5 ^a 3 + b 3 + c 3 

a 2 + b 2 + b 2 + c 2 + c 2 + a 2 ~ 2 


Chiing minh 
Ta co 


a 5 _ a 3 (a 2 + b 2 — b 2 ) _ 3 a 3 b 2 ^ 3 2 a 2 + b 2 

~^Vb 2= -tfVb 2 = ° ~-tfVb 2 - a ~ a b 2(a*W) 


Suy ra 


a 3 + a 3 + b 3 2 3 b 3 
6 “ 3° _ ~6 


TrfOng tit 


b 5 

b 2 + c 2 ~ 


c 3 

6 


GV httdng din: TS NguySn Vu LvtOng 


27 


Sink vien: Nguy§n Van CvtOng 



Tim tai lieu Todn ? Chuyen nhd - 


v.toanmath.com 


Khdci luan tot nghiep toan set cip 


Sit Pham Toan 48 


c 5 ^ 2 3 a 3 

c 2 + a 2 ~ 3° 6 

Cong ve vdi ve cua cac bat dang thtfe tren ta thu drfdc bat dang thde can chdng 

minh. 

Bai 14 

Vdi a, b,c,a> 0, chilng minh rang 


a 2 + b 2 + aab b 2 + c 2 + abc & 


-o- > --(a 3 + b 3 + c 3 ) 

+ a 2 + aca 2 + a v 


ChUng minh 
Ta co 


a 5 a 5 2 a 5 

a 2 + b 2 + aab ~ a 2 + b 2 + § (a 2 + b 2 ) ~ 2 + aa 2 + b 2 

Suy ra 

2 / a 5 b 5 c 5 \ ^ 2 a 3 + 6 3 + c 3 

“ 2 + a \ a 2 + 6 2 + b 2 + c 2 + c 2 + a 2 ) ~ 2 + a 2 


Bai 15 

Vdi a, b, c > 0, dicing minh rang 

a 7 b 7 c 7 a 5 + b 5 + c 5 

a 2 + b 2 + b 2 + c 2 + c 2 + a 2 ~ 2 


Chiing minh 
Ta co 



a 7 

a 5 (a 2 + b 2 — b 2 ) 

5 ab z 


a 2 + b 2 ~ 

a 2 + b 2 

= a 

Suy ra 

a 7 

14 a 5 + b 5 

3 5 1 ,5 

= -a 5 - b 5 

5 10 


a 2 + b 2 

~ a 2 5 

Trfdng trf 


> ^5 _ 

1 c 5 



b 2 + c 2 - 5 

10 



C 7 > 3 5 

*5 



c 2 + a 2 ~ 5 C 

10° 
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Cong ve vdi ve cac bat dang thtic tren ta thu drtdc bat dang thtife can chifng 

minh. 

Bai 16 


Vdi a, b, c > 0, a > 0, chrfng minh rang 

,5 b 5 


P = 


a 2 + b 2 + aab b 2 + c 2 abc c 2 + a 2 + aca 2 + a 


> --(a 3 + b 3 + c 


Chiing minh 
Ta co: 


a 5 a 5 2 a 5 

a 2 + b 2 + aab ~ a 2 + b 2 + §(a 2 + b 2 ) _ l + aa 2 + 6 2 

Suy ra 


2 / a 5 6 5 

- 1 + a U 2 + 6 2 + b 2 + c 2 + c 2 + a 2 


-(a 3 + 6 3 + c 3 ) 


Bai 17 

Vdi a, b, c > 0, dicing minh rang 

b 2 c 2 a 2 1 /1 1 1 \ 

a(a 2 + b 2 ) b{b 2 + c 2 ) c(c 2 + a 2 ) — 2\a + £>~^c/ 

Chilng minh 
Ta co 

1 _ i ab 1 _ 1 
a ba 2 + b 2 ~ a 2b 

Suy ra 

_?_ > 

a(a 2 + b 2 ) ~ 

TrfOng trf 

_J?_> 

b(b 2 + c 2 ) 
a 2 

c(c 2 + a 2 ) — 


1 1 

a 2b 

1 _ 1 
b ~ 2c 

1 1 

c 2a 
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Cong ve vdi ve cac bat dang thrfc tren ta thu drfdc bat dang thde dirdc chrtng 

minh. 

Bai 18 

Vdi a,b,c> 0, chrtng minh rang 


b(b + 2a) c(c+2b) a(a + 2c) > 3 (1 1 1\ 
a(a + b) 2 b(b + c) 2 c(c + a) 2 — 4 \a b c) 

Ch/itng minh 
Ta co: 

1 1 ab 1 1 

a b (a + b) 2 ~ a 4b 

b(b + 2a) > 1 1 

^ a{a + b) 2 ~ a 4b 

Tricing tit 

c(c + 26) > 1 _ 1_ 
b(b + c) 2 ~ b 4c 

a(a + 2c) > 1 1 

c(c + a) 2 ~~ c 4a 

Cong ve vdi ve cua bat dang thrfc tren ta thu drfdc bat dang thrfc can chrtng 

minh. 

Bai 19 

Vdi a, b, c > 0, chrtng minh rang 


a 2 (a + 2b) 
(a + b) 2 


b 2 (b + 2c) c 2 (c + 2a) 
(i b + c ) 2 + (c + a) 2 


Chiing minh 


Trtdng trf 


i — b 


(a + b) 2 


b 

4 


^ a 2 (a + 2b) 
^ {a + b) 2 


b 2 (b + 2c) _ c 

{b + c) 2 ~ 4 
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c 2 (c + 2a) a 

(c + a) 2 _C 4 

Cong ve vdi ve cac bat dang thile tren ta thu ditdc bat dang thile can cluing 

minh. 

Bai 20 

Vdi a,b,c > 0, chbrig minh rang 

b 2 c c 2 a a 2 b ab + bc + ca 

a(ca 2 cb 2 + 1) b(ab 2 + ac 2 + 1) c(bc 2 + ba 2 + 1) ~ 1 + 2 abc 

Chting minh 
Ta co 


b 2 > b 2 2 b 2 

a(a 2 + b 2 + aab ) — a{a 2 + b 2 + f (a 2 + b 2 )) 2 + a a(a 2 + b 2 ) 

Thu ditOc bat dang thile 

b 2 c 2 a 2 1 /1 1 1 \ 

a(a 2 + b 2 + aab ) b(b 2 + c 2 + abc ) c(c 2 + a 2 aca ) ~ 2 + a \a + b + c) 

Chon a = —ta thu drfOc bat dang thile can chilng minh. 
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1.4 Bat dang thtfc xoay vong phan thtfc 

Bai 1 

Vdi a,b > 1, chilng minh rang: 

1 1 > 2 
1 + a 1 + 6 1 + -\/a6 


Chilng minh 

Bat dang thile trtdng vdi: 

(a + b) + 2 2 

1 + (a + b) + ab 1 + yfab 

+?* (o + 6) + 2 + (ct + b)Vctb + 2\fab + 2 + 2(o + 6) + 2 ctb 

•+> (a + 6)(v / a6 — 1) + 2y/ab{l — yfab) > 0 

•+> (\fab — 1 ){\fa — Vb) 2 > 0 (Hien nhien vi yfab > 1 ) 

Bai 2 

Vdi 0 < a, b < 1, cluing minh rang: 

1 1 < 2 
1 + a 1 + 6 1 + \fab 


Chilng minh 

Bat dang thufc trfdng drfdng vdi: 

(a + 6) + 2 ^ 2 

1 + (a + 6) + ab 1 + \/ab 

•+> (o + 6) + 2 + (o + b)Vab + 2\fob + 2 + 2(o + 6) + 2o6 
<+> (Vab — Iffy'S — Vb) 2 (Hien nhien dung vi Vab < 1 ) 

Bai 3 

Vdi a,b > 1, chilng minh rang: 

1 1 2 
(l + a) n (1 + 6) n — (1 + Vab) n 


ChUng minh 
Ap dung bat dang thile: 


a n + b n 


>(- 
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1 : + ,, 1 > 2( 1+a + 1+b ) n 


(1 + a) n (1 + b) n 

Ap dung ket qua bai 1 ta thu dupe. 

1 i > 1 _ 2 

(1 + a) n (1 + b) n 1 + \fab (1 + ab) n 

Bai 4 

Vdi 0 < a, b < 1, chdng minh rang: 


1 1 

= + 


Vl + a Vl + b y i + sfaJ) 


Chiing minh 
Ap dung bat dang thde 


\fa + \/b n I a + b 
--- < \ ——— Vdi a, b > 0 

2 “ V 2 


Ta thu dupe 


1 


: + ~r- 


j i + o y i + b 

Ap dung ket qua d vi du 2 ta thu dupe 


1 



+ 


1 



1 + y ctb 


2 

y 1 + \fah 


Bai 5 

Vdi a, b > 1. chiing minh rang 


a b > 2 yab 

1 + b 1 + a 1 + yab 


Chang minh 

Bat dang tilde da cho trfdng drfdng vdi 


a 

1 + 6 


+ 1 + 


b 

1 + a 


+ 1 > 


2 y~dh 

1 + y/ab 


+ 2 
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> (a + b + 1)(--r "b i ^ (1 + 2\Zab) - -j= 

v A 1 + 6 1 + a ~ v } \ + V o6 


o + 6+ l + 1 + 2\fab 


1 . 1 •> 2 


1 + 6 1 + a 1 + \fah 

Nhan hai ve hai bat dang thile tren ta thu drfdc bat dang thile can cluing minh. 

Bai 6 

Vdi a, 6, c > 0, cluing minh rang 


1 1 13 

1 + a 1 + 6 1 + c 1 + y/ abc 


ChUng minh 

Bat dang thile da cho trfdng drfdng vdi 


P- 1 1 1 1 > 4 

1 + a 1 + 6 1 + c 1 + y abc 1 + \/ abc 


1 + y/ah 1 + v /cV abc 1 + \J ahc\/ abc 1 + V abc 


Bai 7 

Vdi a, 6, c > 1, cluing minh rang 


2 + 6 + c 2 + c + a l + a + 6 

-1---1-> 6 

1 + a 1 + 6 1 + c 


Chvtng minh 

Bat dang thile da cho trfdng drfdng vdi 


1 d 1 + 6 1 + c 


■O- (3 + a + 6 + c)(--h — + ) > 9 

v ; i-o i-6 i+r 
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Ta co 

3 + n + 6 + c > 3(1 + Vabc} 

1 1 13 

l + o 1 + b 1 + c 1 + V abc 

Nhan ve vdi ve cua hai bat dang thrfc tren chung ta thu drfdc bat dang thrfc can 
chrfng minh. 

Bai 8 

Vdi a,b,c> 1, chrfng minh rang 


1 

(l + o ) 3 


1 1 3 

(1 + b) 3 + (1 + c) 3 “ (1 + Vabc ) 3 


Chting minh 

Bat dang thrfc da cho trfdng drfdng vdi 


(1 + a) 3 (1 + b) 3 (1 + c) 3 (1 + Vabc) 3 (1 + Vabc) 3 


Ap dung ket qua bai 3 ta co 


(1 + Vab ) 3 (l + V cVabc ) 3 (1 + \J abcVabc) 3 (1 + Vabc) 3 


Bai 9 

Vdi 0 < a, b, c < 1, chrfng minh rang 


1 1 1 

= + , - 


A + O Vl — b VT+C y/l + yfabc 


Chvtng minh 

Bat dang thrfc da cho trfdng drfdng vdi 


111 1 
A ~ a 1 ~ b 1 + c \/ 1 + Vabc 


V1 -f V$abc 
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Ap dung ket qua bai 4 ta thu dupe 
2 2 


P < 


Vl + V^b ^ x + ^ct/obc. i + \/ abeVo^c + Vabc. 


Bai 10 

Vdi a,b,c> 1, chilng minh rang 




c _j_ z-hcj-a _j_ z 

P > ( ""-i±k- l,r ) 2 > 3(^) 2 = 12 

Ap dung vf du 7 

Bai 11 

Vdi a, b , c la cac so there dudng, cluing minh rang 


a 5 b 5 n 

7^+^H-g — a + ^ + C 

b 2 c 2 a 2 


Chilng minh 
Ta co 

^ + ab 2 > 2a 3 
b 2 

% + 6c 2 > 26 3 

5 

+ ca 2 > 2c 3 
a 2 

a 3 + b 3 + c 3 > ab 2 + 6c 2 + ca 2 

Cong 4 bat dang thilc tren chung ta thu drfdc bat dang there can chilng minh. 

Bai 12 

Vdi a, b, c la cac so there drTOng. chilng minh rang 

a 5 b 5 c 5 .> , o o 

be ca ab 


ChvCng minh 
Ta co: 
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7 —|- abc > 2 a 3 

be 

b 5 

-b abc > 2 b 3 

7 

— + abc > 2c 3 
ab 

a 3 + b 3 + c 3 > 3 abc 

Cong 4 bat dang there tren chung ta thu detde bat dang tilde can chetng minh. 

Bai 13 

Vdi a, b, c la cac so there detdng. chetng minh rang 

a 3 ft® j a 3 fc 3 c 3 

b 3 c 3 a 3 ~ b c a 

Chvlnq minh 

a 5 a 3 

Ta co: ^ + ab > 2^- 
tr b 

n 5 „3 „3 

Suy ra: — + 2 ab > — + — + a&> — + 2a 2 
o 5 b b b 

Tetdng tit: 

ft 5 ft 3 

+ 26c > — + 26 2 
c 6 c 

c 5 c 3 

^ + 2ca>-+2c 2 
a 6 a 

ma 2(a 2 + b 2 + c 2 ) > 2(ab + bc + ca ) 

Cong 4 bat dang there tren chung ta thu detde bat dang there can chetng minh. 

Bai 14 

Vdi a, b , c la cac so there detdng. chetng minh rang 


+ bTTc + - 3 ( “ 2 + 62 + c2) 


CMng minh 


Ta co: 

9a 3 

— +a(a + 2b)>6a* 

^ c+b(b + 2c)> e C- 

—|- c(c + 2a) > 6c 2 
c + 2d 

ma 2(a 2 + b 2 + c 2 ) > 2 (ab + bc + ca) 


Cong 4 bat dang there tren ta thu detde bat dang there can chetng minh. 
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Bai 15 

Vdi a, b , c la cac so thrfc drfdng. cluing minh rang 


(6 + c ) 2 


b 3 

(c + a ) 2 


(?T6) 5 -4 ( “ + 6 + 


c) 


Chitng minh 
Ta co: 

+ (6 + c) + (6 + c) > 6a 
8b 3 

7 - 77 + (c + a) + (c + a) >66 

(c + a ) 2 

8 c 3 

+ ^2. + (« + b) + (a + b) > 6 c 

Cong 3 bat dang thrfc tren ta thu drfdc bat dang thile can chilng minh. 

Bai 16 

Vdi a, b , c la cac so thrfc drfdng. chilng minh rang 


a 3 b 3 c 3 1 

77 - 7 “I- 7 -TV H- 77 - 7 •> 77 (a + b + c) 

6 (c + a) c(a + 6 ) a (6 + c) 2 V 


Chitng minh 
Ta co: 

4 a 3 

— - + 26 + (c + a) > 6 a 

6 (c + a) 

46 3 

— -— + 2 c + (a + 6 ) >66 

c(a + 6 ) v ' “ 

4 c 3 

—7-r + 2 a + (6 + c) > 6 c 

a (6 + c) v ' “ 

Cong 3 bat dang thilc tren ta thu drfdc bat dang thilc can chilng minh. 

Bai 17 

Vdi a, 6 , c la cac so thrfc drfdng. chilng minh rang 


be 2 ca 2 


+ Mt~ a + b + C 


Chitng minh 
Ta co: 

^ + 6 + c + c>4a 
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— + a + b + b> 4c 
ab 2 


Cong 3 bat dang thilc tren ta thu dcfOc bat dang thilc can chilng minh. 

Bai 18 

Vdi a, b, c la cac so there dieting. cluing minh rang 


b ' 3 


(a + b)(b + c) (b + c)(c + a) (c + a)(a + b) 4 


— t (o + b + c) 


Chting minh 
Ta co: 


8a 3 


, i \ 11 \ 4- (o + b) + (b + c) > 6a 

(a + b)(b + c) v y 

o b 3 

/, w —v + (b + c) + (c +a) >6 b 

(b + c)(c + a) 

8c 3 

7 - 77 - tt + (c + a) + (a + b) >6c 

(c + a)(a + 6) v v 

Cong 3 bat dang thilc tren ta thu drfdc bat dang thilc can chilng minh. 

Bai 19 

Vdi a, b , c la cac so there drfdng. chilng minh rang 


9 


_ 

b 3 c 3 a 3 — a + b + c 


Chvtng minh 
Ta co bat dang thilc 


Suy ra: 


b 2 


b 3 c 3 a 3 

> a + b + c 

a 2 b 2 c 2 


( I ) 3 , (^) 3 , ( i ) 3 111 


-1-h — = - 4-h - > - 

b 3 c 3 a 3 §§f 2 (|) 2 a 6 c“a + 6 + c 


Bai 20 

Vdi a, b, c la cac so there drfdng. chilng minh rang 
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Chiing minh 
Ta co: 

\ + % > a 3 + b 3 + c 3 > ah 2 + be 2 + ca 2 
t> 2 c 2 a 2 


vien: Nguykn Van Cvtdng 
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Chirring 2 

Mot dang bat dang thiic xoay vong 

Quy iTdc trong bai viet 

De thong nhat ky hieu trong bai viet thi ta quy ltdc each viet nhif sau: 
ai, ■ ■ ■ , a n ai, a 2 , • • • , a*, • • • , a n ; i G (1. n ) 

aia 2 H-b aia n Gqa 2 H-b aia* H-b Gqa n ; i G (1, n) 

Gqo 2 + • • • + a n _ia n aia 2 + • • 4^ciio n + • • • + • • • *4 a*a n + • • • + a n _ia n 

a 2 +-b a 2 a 2 + a| +-b a 2 • • • + a 2 ; (i G 1, n) 

(a 2 + a|) .-+-••• + (®n-i “I” a n) ^ ( a i “I” a i) + ■'' + (ctf + a 2 ) + ■ • • + (a 2 + cq+i) + • • • + 
(a 2 + a 2 ) + • • • + (cj n -i "h- 

(ai + • • • + a n ) 2 ^ (c*i + a 2 + • • • + cti + • • • + a n ) 2 ; (i G 1, 


2.1 Cac trtfdng hefp defn gian 

2.1.1 Trifcing hdp 3 so n = 3 


Cho 3 so khong am oq, a 2 , a 3 va so thife a > 2. Chhng minh rang: 


cq + cra 2 a 2 + 0:03 a 3 + ctai 1 + cu 


Ta co: T = 


Ctiling minh. 

Oi 


ai + aa 2 a 2 + cm 3 a 3 + crni 
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a{ + aaia 2 a\ + aa 2 o 3 a 3 + aa i 0 3 

> /[(o 2 + aa\a 2 ) + (o| + aa 2 a 3 ) + ( a 3 + ao 4 03 )] > (ai + a 2 + O3) 2 

(Theo bat dang thtic Bunhiacopxki doi vdi 3 cap so) 


(ai + a 2 + a 3 ) 2 


<=>,4 > 


Q>1 + Oid\(l2 + 0>2 + C^Cl 2^3 + CI3 + 

(ai + 02 + 03) 2 

(of -r 02 + 03) 2 + (a — 2)(aia2 + a 2 as + 0103) 


> 


(ai + 02 + Os) 2 


(01 + a 2 + a 3 ) 2 + (a - 2 )|(ai + a 2 + a 3 ) 2 
1 3 3 


1 + |(a — 2) 3 + (a — 2) 1 + ol 

Dau ” = ” xay ra khi ai = a 2 = o 3 


2.1.2 Trtfdng hdp 4 so n = 4 
Bai 2 


5 = 


Cho 4 so khong am ai, a 2 , o 3 , a 4 va so thitc a > 2 . Chdng minh rang: 

Ol 02 O3 


r + 


Oi + a( 2 a 2 + 03 ) a 2 + a( 2 a 3 + a 4 ) 03 + a( 2 a 4 + o 4 ) 


+ 


Cluing minh. 


a 4 + a(2ai + 02 ) 1 + 3a 


Oi + a( 2 a 2 + 03 ) a 2 + a( 2 a 3 + a 4 ) 03 + a( 2 a 4 + ai) 

a 4 

a 4 + ce( 2 oi + 02 ) 

3 = _M_+_ a l _ 

a 2 + ce( 2 aia 2 + 01 O 3 ) a| + oi(2a 2 as + 020 4 ) 


o| + ck(2o30 4 + O3O1) o 2 + a( 2 o 4 Oi + o 4 02) 

=/- -B{[a 2 + cc( 2 aia 2 + 01 O 3 )] + [a| + a( 2 a 2 ct 3 + 020 4 )] 

+ [a| + cc(2a3a 4 + 03O1)] + [a| + a(2a 4 ai + a 4 a2)]} > (ai + 02 + 03 + a 4 ) 2 

(Theo bat dang thtic Bunhiacopxki doi vdi 4 cap so) 

> (ai + 02 + 03 + a 4 ) 2 

“ [a\ + a(2aia 2 + aio 3 )] H-h [a 2 + a(2a 4 ai + a 4 a 2 )] 

g > (°i + °2 + 03 + a 4 ) 2 

(oi + 02 + 03 + o 4 ) 2 + ( 2 a — 2)(oi02 + • • • + CI3CI4) 
g > (ai + 02 + 03 + a 4 ) 2 

(ai + 02 + 03 + a 4 ) 2 + (2a — 2)|(ai + 02 + 03 + a 4 ) 2 
1 8 8 4 


1 + | (2cc — 2) 8 + 3(2a — 2) 2 + 6 a 1 + 3a 
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Dau ” = ” xay ra khi 04 = a 2 = a 3 = 04 
Bai 2.1 Cho 04 = 0 ta drfdc: 

4 

1 + 3 a 

Dau bang xay ra khi <+ = a 2 = 03 


B 1 = ai + ° 2 + a 3 ; 

04 + o(2a 2 + 03) 0,2 + 2003 03 + 00 1 


2.1.3 Trtfcfng hdp 5 so n = 5 

Bai toan tong quat 5 s6 

Cho 5 so khong am a lr a 2 , o 3 , a 4 , a 5 va so thife a > 2 ,. Chhng minh rang: 

Bai 3 

Cho 5 so khong am oq, a 2 , a 3 , 04, a 5 va so thitc a > 2. Chrfng minh rang: 

0. = . _Ol_ + _<*2_ + _03_ 

oq + o(2a 2 + 03 + 04) a 2 + 0(203 + 04 + 05) 03 + 0(204 + +05 + ai) 

+ _04__05_ > 5 

a 4 + 0(205 + ai + o 2 ) o 5 + o( 2 oi + o 2 + a 3 ) _ 1 + 4 o 
Chrfng minh. 

Ta co: 

c = _oi_ + _ ^2 _ + _ 03 _ 

Oi + a(2a 2 + 03 + 04) a 2 + 0(203 + 04 + 05) 03 + 0(204 + 05 + ai) 

_l_ 04 05 

04 + a(2a 5 + 04 + a 2 ) 05 + o(2ai + a 2 + 03) 


O 2 + o( 20 i 0 2 + O1O3 + O1O4) of + o(2o 2 03 + O2O4 + O2O5) 


+ 


o| + 0(20304 + O3O5 + O3O1) o| + 0(20405 + 04O1 + 04O2) 


a| + 0(20504 + 0502 + 0503) 

=+ C{ [of + o(2aia2 + 0403 + 0404)] + [af + (2a 2 03 + 0204 + O2O5)] + [a| + 0(20304 + 0305 + 
030i)] + [af+(2a405+a4ai+a4a2)] + [of+0(20504+0502+0503)]} > (ai+a 2 +a3+a4+a5) 2 
(Theo bat dang thrfc Bunhiacopxki vdi 5 cap so) 

^C>~, 


(oi + a 2 + 03 + 04 + O5) 2 


&C> 


[af + o(2ai0 2 + O1O3 + 0404)] + • • • + [a 2 + o(2o50g.4j* 0502 + 0503)] 

(ai + o 2 + O3 + 04 + O5) 2 

(oi + a 2 + 03 + 04 + O5) 2 + ( 2 o — 2 )(oia 2 + • • • + 0405) 

(ai + 02 + 03 + 04 + O5) 2 

(ai + a 2 + 03 + 04 + as) 2 + (2o — 2)|(ai + a 2 + 03 + 04 + O5) 2 
1 5 5 


“ 1 + |( 2 o - 2 ) 5 + 2 ( 2 o - 2 ) 1 + 4 o 

Dau bang xay ra khi 04=02 = 03 = 04 = 05 
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Cho a 5 = 0 ta drfdc: 

c = _ ^1 _ , q 2 «3 

Oi + Q;(2a2 + a 3 + 04) 02 + 01(2,0,3 + 04) 03 + a(2a4 + 04) 

+_“i_> — 

a 4 + a;(ai + a 2 ) 1 + 4a 

Dau bang xay ra khi 04 = a 2 = a 3 = a 4 

Bai 3.2 

Cho a 5 = 04 = 0 ta (hide: 


C 2 


_«i_ 

Oi + a(2a2 + 03) 


a — 2 
a 2 + 2 aa 3 


5 

1 + 4a 


Dau bang xay ra khi 04 = a 2 = a 3 

Bai 4 


Cho 5 so khong am ai, a 2 , o 3 , 04 , a 5 va so thife a > 2 . Chhng rninh rang: 


or 


o 2 


a 3 


ofpa(o2 + o 3 ) 02 + o?(a 3 + 04 ) a 3 + a(a 4 + a 5) 

_ 04 _^_ 05 > 5 

04 + a(o 5 + ai) 05 + a(oi + 02 ) 1 + 2 a 

Chrfng minh. 

Ta co: 


a a (a 2 + o 3 ) 02 + a(o 3 + 04 ) a 3 + a(o 4 + Oi) 04 + a(os + 04 ) 

+ - “ 5 


a 5 + a(ai + a 2 ) 


&C = 


a\ + a(aia 2 + oio 3 ) a 2 + a(o 2 a 3 + 0204 ) a| + a(o 3 o 4 + a 3 o 5 ) 


a 2 + a(a 4 o 5 + a 4 ai) a 3 + a(a 5 oi + o 5 a 2 ) 

=4> C{[a\ + a(aia 2 + ai 0 3 )j$r [a 2 + (a 2 a 3 + o 2 o 4 )] + [a| + a(a 3 o 4 + o 3 o 5 )] + [a 2 + (a 4 a 5 + 
0404 )] + [a 2 + a(o 5 Oi + 0502 )]} > (ai + 02 + o 3 + 04 + O 5) 2 


C 

c 

c 

c 


(Theo bat dang thiic Bunhiacopxki vdi 5 cap so) 

^ (ai + 02 + a 3 + 04 + as) 2 

[a\ + a(ai02 + Oi0 3 )] + • • • + [a§ + a(a5ai + 0502)] 

> (ai + 02 + a 3 + 04 + as) 2 

(ai + 02 + a 3 + 04 + as ) 2 + (a — 2) (0402 + • • *'?•#- 0405 ) 

^ (04 + 0-2 + 0- 3 + 0-4 + 0.5) 2 

(04 + 02 + a 3 + 04 + as ) 2 + (a — 2) | (04 + 02 + a 3 + 04 + as ) 2 

> 1 _ 5 _ 5 

1 + | (a — 2) 5 + 2(a — 2) 1 + 2a 

Dau bang xay ra khi 04 = o 2 = a 3 = a 4 = a 5 = 0 


Bai 4.1 
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D 1 = 


Cho a 5 = 0 ta diidc: 

°i 


cti + ot(a,2 + o 3 ) cl 2 + o(a 3 + 04) o 3 + 004 04 + 004 1 + 2o 

Dau bang xay ra khi cti = a 2 = a 3 = 04 

Bai 4.2 

Cho o 5 = a 4 = 0 ta (hide: 

d 2 = -- + + 

04 + 0(02 + o 3 ) 02 + oo 3 1 + 2a 

Dau bang xay ra khi 04 = a 2 = a 3 


2.1.4 Trifcfng hdp 6 so n = 6 


Cho 6 so khong am ai, a 2 , a 3 , 04, a 5 , a 6 va so thiic o > 2. Chiing minh rang: 


04 + 0(202 + 03 + 04 + 05) 02 + o(2a 3 + 04 + 05 + Og) 

03 04 


a 3 + 0(204 + 05 + 06 + Oi) 04 + 0(205 + 06 + a t- +• 02) 


05 + a( 2 a,Q + ai + 02 + o 3 ) 06 + cc( 2 ai + 02 + o 3 + 04) 1 + 5 a: 

Cluing minh. 


ai + q:(2o 2 + o 3 + 04 + 05) 02 + o(2a 3 + 04 + 05 + ciq) 


0 3 + Q:(2a4 + 05 + 06 + Oi) 04 + Ck(2o5 + 06 + Oi + 02) 
05 , a 6 


05 + a( 2 aa H—I-04 + 02 + o 3 ) 06 + 0(204 + 02 + o 3 + 04) 


aj + o:(2aia2 + aio 3 + aia 4 + aia 5 ) a\ + o(2a 2 a 3 + a 2 04 + a 2 o 5 + a 2 a 6 ) 


a| + o( 2 a 3 04 + o 3 a 5 + a 3 o 6 + a 3 ai) a 2 + 0(20405 + a 4 a 6 + a 4 ai + a 4 a 2 ) 

+ _M_ + _ 4 _ 

a| + 0(20506 + a 5 ai + 0502 + a 5 a 3 ) Og + a(2a 6 ai + a e a 2 + a 6 o 3 + a 6 a 4 ) 

=+• E{[a 2 + 0(20102 + aio 3 + 0404 + 0405 )] + [o| + ( 2 o 20 3 + 0204 + 02 O 5 + 0205 )] + [o| + 

o( 2 a 3 o 4 + o 3 o 5 + a 3 a 6 + 0304 )] + [a| + ( 2 a 4 o 5 + a 4 a 6 + 0404 + 0402 )] + [a 2 + o( 2 a 5 06 -+* 

O5O4 + 0502 + 0503)] + [ag + o(2ag04 + 0602 + O6O3 + 0604)]} > (04 + 02 + 03 + 04 + 05 + Og) 2 


>E> 


(Theo bat dang thiic Bunhiacopxki vdi 6 cap so) 

(04 + 02 + a 3 + 04 + 05 + a ^) 2 
(of + a 2 + a| + a 2 + a 2 + a|) + 20(0402 + • • • + O 5 O 6 )] 

(04 + 02 + o 3 + 04 + O5 + 0 ,q ) 2 

(04 + 02 + a 3 + 04 + 05 + ae ) 2 + (2o — 2) (0402 + • • • + a^ae) 
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O E > - 


(Ol + 02 + O3 + O4 + O5 + CIq ) 2 

(ai + ■ • • + o 6 ) 2 + (2 a — 2)^(ai + • • • + a 6 ) 2 
1 12 12 


‘l + ^(2a-2) 12 + 5(2a — 2) 2 + 10a 1 + 5a 

Dau bang xay ra khi 01 = 02 = 03 = 04 = 05 = a 6 

Bai 5.1 


E 1 = 


Cho a 6 = 0 ta chide: 

Oi 


o|^a( 2 o 2 + 03 + 04 + 05 ) o 2 + a( 2 a 3 + 04 + 05 ) 03 + a( 2 a 4 + 05 ) 

_!_04_!_ 05 > 6 

04 + a( 2 a 5 + ai) 05 + a(ai + a 2 ) 1 + 5a 

Dau bang xay ra khi ai = a 2 = a 3 = 04 = a 5 

Bai 5.2 

Cho a 6 = a 5 = 0 ta (hide: 

E 2 = 


Old 1 o (2 o 2 + 03 + 04) o 2 + a(2a3 + 04) 03 + 2ao4 04 + aoi 1 + 5 a 

Dau bang xay ra khi ai = a 2 = a 3 = a 4 

Bai 5.3 

Cho a 6 = a 5 = 04 = 0 ta chide: 

E 3 = Q i + q 2 +1 > 6 

Oi + a( 2 o 2 + 03) a 2 + a(2o3 + 04) 1 + 5 a 

Dau bang xay ra khi ai = o 2 = a 3 


Cho 5 so khong am ai, a 2 , a 3 , 04 , a 5 , a 6 va so thiic a > 2 . Chiing minh rang: 


Oi 


o 2 


o 3 


Oi + a(2a 2 + 2a 3 + 04) a 2 + a(2a3 + 204 + 05) 03 + a(2a4 + 2as + a^) 

^_04_!_05_ 

04 + a(2a 5 + 2a 6 + Oi) 05 + a(2o6 + 2oi + o 2 ) 

+ _ a 6 ^ 6 


Chiing minh. 


06 + a(2ai + 2 o 2 + 03) 1 + 5a 


Oi 


r + - 


a 2 


- + - 


a 3 


ai + a(2o 2 + 2a 3 + 04) a 2 + a(2a3 + 204 + 05) 03 + a(2a4 + 2as + ag ) 

_l_ O4 O5 O 6 

04 + a(2a5 + 2 o 6 + Oi) 05 + a(2a6 H—l-2ai + a 2 ) 06 + a(2ai + 2a 2 + 03) 

a? On 

= - -J- - 

of + a(2aia 2 + 20103 + 0104) a 2 + a(2a 2 03 + 2a 2 a4 + o 2 os) 

+ _ <4 _ + _ <4 _ 

o| + 0(20304 + 203O5 + 03O6) o| + a(2o405 + 204O6 + 0401) 
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o| + a(2a^a6 + 20504 + (15(12) a e + a(2o604 + 2a§a,2 + 0,50,5) 

=£- F {[ a 2 + a(2aia 2 + 20403 + 0104)] + [a| + (2a 2 a3 + 2a 2 a4 + a 2 a5)] + [03 + a(2o304 -H" 

20305 + 0305)] + [04 + (20405 + 2o40q + 0404)] + [a 2 + a(2o506 + 20504 + as0 2 )] + [og + 
q;(2o 604 + 2a60 2 + O6O3)]} > (04 + o 2 + 03 + 04 + 05 + c 15 ) 2 

(Theo bat dang thtre Bunhiacopxki vdi 6 cap so) 

p ^ (op + 0 2 + 03 + 04 + 05 + Oe) 2 

(a 2 + a| + a| + o| + a| + Og) + 2a(a4a 2 + • • • + 05O6)] 

> _ (04 + 02 + 03 + ^4 + 05 + Q 6) 2 _ 

(ap 4" a 2 + 03 + 04 + 05 + ag) 2 + (2a — 2)(o4a 2 + • • ■ + 0 , 5 ( 15 ) 

p, > _ (04 + o 2 + 03 + 04 + 05 + op ) 2 _ 

(at -r • • • + Og) 2 -r (2a — 2) (j,(at + ■ • • + og) 2 

1 12 12 6 


- l + ^( 2 a- 2 ) 12 + 5 ( 2 a — 2 ) 2 + 10 a 1 + 5 a 

Dau bang xay ra khi 04 = a 2 = a 3 = 04 = a 5 = a 6 


Cho a 6 = 0 ta drfdc: 
04 


04 + a(2a 2 + 2a 3 + 04) a 2 + a(2a3 + 204 + 05) 03 + a(2a4 + 2 05) 

a 4 a 5 ^ 6 


04 + a( 2 a 5 + 04) 05 + a(2a4 + a 2 ) 1 + 5 a 

Dau bang xay ra khi 04 = a 2 = a 3 = 04 = a 5 

Bai 6.2 

Cho a 6 = a 5 = 0 ta drfdc: 


04 + a(2o 2 + 203 + 04) a 2 + a(2a3 + 204) 03 + 2aa4 

04 6 


04 + aa4 1 + 5 a 

Dau bang xay ra khi 04 = a 2 = a 3 = 04 


2.1.5 Trtfdng hdp 7 so n = 7 


Cho 7 so khong am 04, a 2 , a 3 , a 4 , a 5 , a 6 , a 7 va so thrfc a > 2. Chrfng minh rang: 


04 


r + - 


a 2 


04 + a(2a 2 + 03 + 04 + 05 + 06) o 2 + a(2a3 + 04 + 05 + 05 + 07) 

^_03_!_04_ 

03 + a(2a4 + 05 + 06 + 07 + 04) 04 + a(2a5 + 06 + a 7 + 04 + a 2 ) 


+ ■ 


a 5 


- + - 


«6 


05 + a(2a6 + a 7 + 04 + a 2 + 03) 06 + a(2a 7 + 04 + a 2 + 03 + 04) 

f.__> 7 

a 7 -h- a(2a4 + a 2 + 03 + 04 + 05) 1 + 6a 


GV httdng din: TS Nguyen Vu LvtOng 


47 


Sink vien: Nguy§n Van CvtOng 



Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


Khdci luan tot nghiep toan set cap 


Sit Pham Toan 48 


Cluing minh. 

Ta co: 

M — _ * _+_^_ 

Oi + a ( 2 a ,2 + 03 + 04 + 05 + °6) a 2 + Q;(2o3 + 04 + 05 + CtQ + 07) 
_!_03_!_ 04 


03 + a(2a4 + 05 + 06 + 07 + Oi) 04 + a(2os + 06 + 07 + 07 + 02) 

_l_ O5 ^06 

05 + a(2a6 + +07 + Oi + 02 + 03) 06 + a(2o7 + 07 + 02 + 03 + 04) 

+ _^_ 

07 + a( 2 ai + 02 + 03 + 04 + 05 ) 


a| + a(2aia2 + 0703 • • • + 07O6) a| + a(2a203 + 02O4 • • ■ + a2O7) 


a| + <^(20304 + 0305 + • • • + 03O7) a 2 + a(2o4as + 0406 + • • • + 04O2) 


a| + a( 2 as 06 + 05O7 + • • • + 0503) a| + a(2a607 + a^cti + ■ • ■ + 0504) 

+■ M{[a 2 + a( 2 ai 02 + 0703 + ■ ■ ■ + 0705)] + [a| + (20203 + 02O4 + • • • + 0207)] 

+§i [03 + a(2o304 + 0305 + • • • + O3O7)] + [a4 + (20405 + 0406 + • • • + 04O2)] 

+ [o| + q;(2o 506 + O5O7 + • • • + O5O3)] + [a§ + a(2o607+Jga607 + • • • + 0504)] 

+ [07 + a(2o70i + 0702 + • • • + 0704)} > (07 + 02 + 03 + 04 + 05 + 06 + O7) 2 
(Theo bat dang thtic Bunhiacopxki vdi 7 cap so) 

+> M > - 


<+> M > 


(07 + 02 + O3 + 04 + 05 + 06 + O7) 2 

(a 2 + a| + a| + a| + a 2 + a| + a 2 ) + 2 a(oia 2 + ■ • • + 0607 )] 

(07 + 02 + 03 + 04 + 05 + 06 + 07) 2 


(07 + 02 + 03 + 04 + 05 + 06 + 07) 2 + ( 2 a — 2) (07O2 + • • • + O6O7) 


(07 + 02 + 03 + 04 + 05 + 06 + O7) 2 
(07 + ■ ■ ■ + 07) 2 + (2 a — 2) | (07 + • • • + 07) 2 

1 7 7 


f (2a - 2) 7 + 3(2a - 2) 1 + 6 a 

Dau bang xay ra khi 07 = a 2 = a 3 = 04 = a 5 = a 6 = 07 


Mi 


Cho a 7 = 0 ta drfdc: 

01 


- + - 


02 


07 + a( 2 a 2 + 03 + 04 + 05 + Og) 02 + a( 2 a 3 + 04 + 05 + og) 
_ 03 _^_ 04 _ 

03 + a(2o4 + 05 + 06 + Oi) 04 + a(2a5 + 06 + 07 + 02) 

_ 05 _^_06_ > 7 

05 + a(2a 6 + 07 + 02 + 03) 06 + a(ai + 02 + 03 + 04) 1 + 6a 

Dau bang xay ra khi 07 = a 2 = a 3 = 04 = a 5 = a 6 


Cho 07 = a 6 = 0 ta drfdc: 

Oi 


+ - 


Oi + a(2a2 + 03 + 04 + 05) 02 + a(2a3 + 04 + 05) 03 + a(2a4 + 05 + 07) 
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^ _04_^_05_ > 7 

04 + 0(205 + (i 1 (i‘>) o 5 + 0(04 + 02 + 03 ) 1 + 6 01 

Dau bang xay ra khi 04 = a 2 = a 3 = a 4 = a 5 

Bai 7.3 

Cho 07 = a 6 = o 5 = 0 ta drfdc: 

,, oi , 02 , a 3 


04 + o(2a2 + 03 + 04) 02 + 0(203 + 04) a 3 + 0(204 + Oi) 

04 ^ 7 

04 + 0(01 + O2) 1 + 60 

Dau bang xay ra khi 04 = 02 = 03 = a 4 


Cho 7 so khong am 04, a 2 , a 3 , a 4 , o 5 , o 6 , 07 va so thifc o > 2. Chhng minh rang: 


a 4 + o(2a2 + 2a 3 + 04 + 05 ) 02 + o(2a 3 + 2a 4 + 05 + o,q) 

a 3 a 4 


a 3 + o(2a 4 + 205 + 06 + 07) a 4 + 0(205 + 2a6 + 07 + 04) 
_05_ _as_ 

05 + o(2a6 + 207 + 04 + 02) o 6 + 0(207 + 2ai + 02 + 03) 

+ __ > 7 

07 + 0(204 + 2a 2 + 03 + a 4 ) 1 + 60 

Cbring minh. 


a 4 + o(2a2 + 2o 3 + 04 + 05) 02 + o(2a 3 + 2a 4 + 05 + a§) 

a 3 , a 4 


o 3 + o(2a 4 + 205 + 06 + 07 ) a 4 + 0(205 + 2a6 + 07 + 04 ) 
o 5 a 6 


05 + o(2a6 H—b207 + 04 + 02) 06 + 0(207 + 2fli + 02 + 03) 

07 

07 + 0(204 + 2 o 2 + 03 + a 4 ) 


af + 0(20402 + 20403 + 0404) a| + o(2a 2 o 3 + 2a 2 04 + o 2 o 5 + 02a 6 ) 


a| + o(2a 3 04 + 2a 3 a 5 + a 3 o 6 + 03O7) a| + 0(20405 + 2o4a 6 + 0407 + 0404) 


a§ + o(2a 5 o 6 + 2a 5 a 7 + a 5 ai + o 5 a 2 ) a§ + o(2a 6 07 + 2a 6 04 + a 6 a 2 + o 6 a 3 ) 


af + 0(20704 + 20702 + 0703 + 0704 ) 

L{[af + 0(20402 + 20403 + 0404 + 0405)] + [a| + (2a 2 a 3 + 2a 2 04 + a 2 o 5 + a 2 a 6 )] 
[a§ + 0(20304 + 20305 + a 3 o6 + 0307)] + [a| + (20405 + 20406 + 0407 + 0404)] 

+ [05 + 0(20506 + 20507 + 0504 + 0502 )] + [Og + 0(20607 + 20604 + CL§Cl2 + 0503 )] 
Hf* [Oy + 0(20704 + 20702 + O7O3 + 0704)]} > (04 + 02 + O3 + 04 + 05 + 06 + O7) 2 

(Theo bat dang thtfc Bunhiacopxki vdi 7 cap so) 
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(ai + Cl 2 + 0 3 + 0 4 + O5 + 06 + O7) 2 


(a 2 + a| + a| + a 2 + a| + ag + a 2 ) + 2a(aia 2 + • • • + a^a^)] 

(Ol + Oj2 + a 3 + 04 + 05 + 06 + O7) 2 

(01 + ct2 + o 3 + o 4 + 05 + 06 + 07) 2 + (2a — 2)(aia 2 + ■ ■ • + (1^(17) 
(01 + o 2 + 03 + 04 + 05 + ag + (I7) 2 


(ai Ai^y + 07) 2 + ( 2 a — 2 )|(ai + ■ • • + a?) 2 
1 7 7 


“ 1 + §(2a - 2) 7 + 3(2a - 2) 1 + 6 a 

Dau bang xay ra khi cti = a 2 = a 3 = a 4 = a 5 = a 6 = a 7 


Li = 


Cho 07 = 0 ta dtfdc: 

Oi 


Oi + a( 2 a 2 + 2 a 3 + a 4 + 05 ) o 2 + a( 2 a 3 + 2 a 4 + 05 + ag) 

_ 03 _^_ 04 _ 

a 3 + a( 2 a 4 + 205 + Og) a 4 + a( 2 as + 2 ag + a 4 ) 

__^_ 06 > 7 

05 + a( 2 a 6 + a 4 + a 2 ) 2 a 4 + a 2 + a 3 1 + 6 a 

Dau bang xay ra khi ai = a 2 = a 3 = a 4 = a 5 = a 6 


Cho 07 = a 6 = 0 ta chide: 

Oi ^ o 2 

Oi + a(2a 2 + 2a 3 + a 4 + 05 ) o 2 + a(2a 3 + 2a 4 + 05 ) 
a 3 a 4 a 5 


a 3 + a( 2 a 4 + 2 as) a 4 + a( 2 as + ai) 05 + a(a 4 + a 2 ) 1 + 6 a 

Dau bang xay ra khi ai = a 2 = a 3 = a 4 = a 5 

Bai 8.3 

Cho a 7 = a 6 = a 5 = 0 ta chide: 

+ 


L 3 = 

+ 


02 


o 3 


Oi + a(2a 2 + 2a 3 + a 4 ) a 2 + a(2a 3 + 2a 4 ) a 3 + 2aa 4 

a 4 _ 7 

a 4 + aai — 1 + 6a 

Dau bang xay ra khi Oi = a 2 = o 3 = a 4 


Bai 9 


0 = 


Cho 7 so khong am ai, a 2 , a 3 , a 4 , a 5 , a 6 , 07 va so thiic a > 2 . Chiing minh rang: 
oi a 2 a 3 


Oi + a(a 2 + o 3 + o 4 ) a 2 + a(a 3 + a 4 + 05 ) a 3 + a(o 4 + 05 + ag) 

+ _04_ _05_a 6 


a 4 + a(a 5 + ag + 07 ) 05 + a(ag + 07 + ai) ag + a(a 7 + ai + a 2 ) 

07 7 


Cbring minh. 


07 + a(ai + a 2 + a 3 ) 1 + 3a 
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o = 


Cl\ + < 3 (o 2 + O3 + 0 4 ) &2 + Oi(a 3 + 04 + <3,5) 

_l_ °3 , a 4 


a 3 + a(a 4 + a 5 + a 6 ) a 4 + a(a 5 + a 6 + a 7 ) 
a 5 a 6 


(Z5 + a(ae H—1-07 + a 4 ) a & + <3(07 + a 4 + a 2 ) 


a7 ! #o;(ai + a 2 + a 3 ) 


af + < 3 (aia 2 + aia 3 + aia 4 ) a| + < 3 (a 2 a 3 + a 2 a 4 + a 2 a 5 ) 


a§ + < 3 (a 3 a 4 + a 3 a 5 + a 3 a 6 ) a 2 + a(a 4 a 5 + a 4 a e + a 4 a 7 ) 


a§ + <3(0506 + a 5 a 7 + a 5 a 4 ) a| + <3(a 6 07a 6 a 4 + a 6 a 2 ) 


+ - 


a 2 + a(a 7 ai + a 7 a 2 + a 7 a 3 ) 

0{[a 2 + a;(aia 2 + a 4 a 3 + a 4 a 4 )] + [a| + (a 2 a 3 + a 2 a 4 + a 2 a 5 )] 

+ [a§ + o;(a 3 a 4 + a 3 a 5 + a 3 a 6 )] + [a 2 + (a 4 a 5 + a 4 a 6 + a 4 a 7 )] 

+ [a 2 + <3(0506 + 0507 + 0504)] + [Og + <3(0507 + 060i + 060 2 )] 

+ [a 2 + <3(0701 + a 7 a 2 + 0703)]} > (ai + a 2 + a 3 + a 4 + 05 + 06 + 07) 2 

(Theo bat dang thtfc Bunhiacopxki vdi 7 cap so) 
q > (ai + a 2 + a 3 + a 4 + a 5 + a 6 + a7) 2 

(a 2 + a| + a| + a| + a| + Og + a 2 ) + <3(oia 2 + ■ • • + 0507)] 

^ > (a 4 + a 2 + a 3 + a 4 + a 5 + a 6 + a7) 2 

(a 4 + a 2 + a 3 + a 4 + 05 + 06 + a7) 2 + (<3 — 2 )(aia 2 + • • • + a^a 7 ) 

Q > ( a l + a 2 + a 3 + a 4 + a 5 + a 6 + 07) 2 

ifli 4 *-h 07) 2 + (<3 — 2 )|(ai + • • • + a 7 ) 2 

_ 1 7 7 

^ o -=-=- 

1 + |(<3 — 2 ) 7 + 3(<3 — 2 ) 1 + 3 a 

Dau bang xay ra khi a 4 = a 2 = a 3 = a 4 = a 5 = a 6 = 07 

Bai 9.1 

Cho a 7 = 0 ta dtfdc: 

0 1 = 


ai + <3(02 + a 3 + a 4 ) a 2 + <3(03 + a 4 + a 5 ) a 3 + <3(04 + o 5 + a 6 ) 

+ Q4 _^ Qs _ h Qe > 7 

a 4 + <3(05 + o 6 ) 05 + <3(06 + a 4 ) 06 + <3(01 + a 2 ) 1 + 3(3 

Bai 9.2 

Cho a 7 = a 6 = 0 ta dtfdc: 

02 ___ f _^_ f q 3 

a 4 + <3 (o 2 + a 3 + a 4 ) a 2 + <3(03 + a 4 + 05) a 3 + <3(04 + 05) 

+ a4 + as + > _X_ 

0 4 + (305 05 + (30i 1 + 3(3 

Bai 9.3 
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Cho 07 = a 6 = a 5 = 0 ta dtfdc: 

._—_+_ “5 _-|-—-1-1 > —-— 

Oi + a(a,2 + 03 + 04) 02 + o;(o3 + 04) 03 + ao4 1 + 3 a 
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2.2 Tru’dng hcfp tong quat 

2.2.1 Mot so kien thufc lien quan 

Bat ding tilde Cauchy doi vdi 2 so 

Cho 2 so khong am ai, a 2 ta luon co aia 2 < Ql + ° 2 
Dau bat dang thufc xay ra khi va chi khi: O j = a 2 
Bat ding thufc Bunhiacopxki 

Cho 2 day so khong am ai, a 2 , • • • , a n ; b\, b 2 , ■ ■ ■ ,b n ta luon co 


(fll&l + £*2^2 + ' ' ' + a n^n) 2 < ( a l + U 2 + ' ' ' + fl 2 )(& 2 + & 2 + ‘ ' • + & 2 ) 

Dau cua bat dang thufc xay ra khi va chi khi: °^~ = ^ = •• • = ^ (Neu sao 

cho bi = 0 do chi la mot each ky hieu hinh thufc 

Hing ding thut binh phdcfng 

(c*i + • • • + o n ) 2 = a 2 + • • • + a 2 + 2aia 2 + • • ■ + 2a n _ia n 

2.2.2 Nhan xet dac biet 

Cho n so khong am a i, • • • ,a n khi do ta luon co rihfmg danh gia sau ma viec 
xay dung bat dang thufc dua tren danh gia nay. 

X Vdi trufdng hpp 3 so n — 3 

Dat A = aia 2 + aia 3 + a 2 a 3 va (a\ + a\ + a 2 ) ta co danh gia so sanh sau: 

2 a\ + a\ aj + aj a| + a| 

~ 2 2 + + 

Nhan xet 1: Ta nhan thay rang trong A cac so hang ai,a 2 ,a 3 deu co mat 3 
3.2 . 

Ian, so cac phan tuf cua A la 3 = —. Trong danh gia A dupe giU nguyen con ve phai 

chia cap ghep doi tUOng ling dupe chia cho 2 bang sU xuat hien cua moi so ai, a 2 , a 3 
trong A. 

=> 3A < (af + a\ + a|) + 2 A 
3A < (gu + o 2 + a 3 ) 2 
■v^ A < -(ai + a 2 + a 3 ) 2 
Dau ” = ” xay ra khi ai = a 2 = a 3 
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X Vdi trrfdng hdp 4 so n — 4 

Dat B = aia 2 +-b a 3 a 4 va (a 2 + a| + a| + a 2 ) ta co danh gia so sanh sau: 

3 aj + aj a|+a| 

- 3 3 J 

Nhan xet 2 : Ta nhan thay rang trong B cac so hang a,, a 2 , a 3 , a 4 deu co mat 
4 lan , so phan td cua B la 6 = . Trong danh gia B drfdc gib nguyen con cac phan 

td ve phai chia cap ghep doi trfdng dng drfdc chia cho 3 bang sit xuat hien cua moi s 6 


hang (ai, a 2 , a 3 , a 4 ) trong B. 

=t>- SB < 3 (ct 2 + T o 3 T ct 4 ) -b 6S 
■v^ 8.B ^ 3 (a 4 + o 2 + o 3 + o 4 ) 2 

3 

B < g(°i + «2 + ^3 + a 4 ) 2 

Dau ” = ” xay ra khi ai — a 2 = a 3 = a 4 

X Vdi trrfdng hdp 5 s6 n = 5 

Dat C = a 4 a 2 +-b a 4 a 5 va (a 2 + -b a 2 ) Ta co danh gia so sanh sau: 

^ ^ 4 ,a\ + a\ al + ol N 

c — 2 i 4 

Nhan xet 3: Ta nhan thay rang trong C cac phan td a 4 , • • • , a 5 deu co mat 4 
lan , so cac phan td cua C la 10 = Trong danh gia thi C drfdc gid nguyen cbn cac 
phan td ve phai chia ghep doi tUdng dng drfdc chia cho 4 bang srf xuat hien cua cac so 


hang (ai, • • • , a 5 ) trong C. 


5 C ^ 2(o 2 ~b • • -b o|) -b 4 C 

■v=b 5 C < 2(a 4 + ■ ■ • -b 05) 2 
2 

^ C < -(a 4 + • • • + O5) 2 


Dau ” = ” xay ra khi a 4 = • • • = a 5 

X Vdi trrfdng hcfp 6 s 6 n — 6 


Dat D = a 4 a 2 + ■ ■ 
cs 5 ( oi+o| + 


+ a 5 a 6 va (a 2 + • 

+ a 5 + a 6 ) 


■ + a|) ta co danh gia so sanh sau: 


Nhan xet 4 : Ta nhan thay rang trong D cac so hang a 4 , • • • , ct6 deu co mat 5 
6.5 

lan, so phan td cua D la 15 = —. Trong danh gia D drfdc gid nguyen cbn cac phan td 
ve phai chia cap ghep doi trfdng dng drfdc chia cho 5 bang srf xuat hien cua cac phan 


td(ai, • • • , a 6 ) trong D. 

■=£ 2D < 5 (a 2 + • • • + a§) 

& 12 D < 5 {aj + --- + a 2 6 ) + 10D 
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^ D < — (% 4 --b a 6 ) 2 

Dau ” = ” xay ra khi ai = ■ ■ ■ = a 6 

X Vdi trifdng hdp 7 so n — 7 

Dat E = aia 2 + ■■■ + a 6 a 7 va (a 2 +-b a 2 ) ta co danh gia so sanh sau: 

p/G^af + a 2 , a 2 + a^ 

E -2 { — + _ 6 ~> 

Nhan xet 5: Ta nhan thay rang trong E cac so hang a 7 , ■ ■ ■ ,a 7 deu co mat 6 
lan, so phan th cua E la 21 = Trong danh gia E drfOc gid nguyen con ve phai cac 
phan tit ghep doi drfOc chia cho 6 bang sit xuat hien cua (ai,••• , a 7 ) trong E. 

^E< 3(a 2 + • • • + a?) 

•v=b 7 E < 3(o 2 T • • ■ + o 2 ) + 6 E 

■v=b 7 E E: 3(ai -b • • ■ + 07) 2 
3 

■v=b E < —(ai + ■ ■ • + Q 7) 2 

Dau ” = ” xay ra khi a± — ■■■ = a 7 

X Vdi trrfdng hdp n so hang 

Dat F = a 7 a 2 + ■ ■ ■ + a n _ia n va (a 2 +-b a 2 ) ta co danh gia so sanh sau: 

n — 1 a\ + a\ ?jb-a 2 

Nhan xet 6: Ta nhan thay rang trong F cac so hang a 1 , • • • , a n deu co mat 
n — 1 lan, so phan tit cua F la ^ _ £72 Trong danh gia F drfOc girf nguyen con 

ve phai cac phan tit ghep doi drfOc chia cho n — 1 bang srf xuat hien cua (ai, • • • , a n ) 
trong F. 

=> F < —(a 2 + ••• + a 2 ) 

<=> 2F < (n — l)(a 2 + • • ■ + a 2 ) 

<^> 2F + 2(n — 1)F < (n — l)(ai +-b a n ) 2 

n — 1 . . „ 

F < ——(ai H-b a n ) 2 

2 n 

Dau ” = ” xay ra khi a 7 — ■ ■ ■ — a n 


2.2.3 Trifdng hdp tong quat n so hang 

Ta phan tich la tai sao lai co the xay dung drfOc bat dang thrfc phan thitc nhrf 
vay. Ta se di xay difng ma tran he so co n hang van-2 cot nhrf sau : 
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X TrtfcJng hcfp n=3 so 

a 2 a 3 

^a 3 a 4 

Cac phan til aia 2 , ai0 3 , o 2 a 3 chi xuat hien trong 1 cot duy nhat cua ma tran va 
chi co 1 lan. 

Trong trrfdng hop nay ta chi xay ditng drfpc mot dang bat dang tlitfc phan tlntc. 

X Trtfdng hcfp n= 4 so 


/ aia 2 
a 2 a 3 
a 3 a 4 

ya 4 a 4 


a\<ki\ 
a 2 a 4 
a 3 ai 
a 4 a 2 J 


Nhan thay rang cac phan tii 
Cot 1 xuat hien duy nhat 1 lan trong chinh cot 1 
Cot 2 thi cac phan tit xuat hien 2 lan trong chinh cot 2 
Dang bai toan tong quat 4 chit so nay la: 

Cho 4 chit so khong am a 4 , a 2 , a 3 , a 4 , so thitc a > 2 va cac so there r 43 , r 24 , r 34 , r 42 

{ f 13 + T 31 

r 24 + r 42 


Tong aia 3 
Tong a 2 a 4 


thi 


a i (Ido — ri 3 f/ 3 a 2 + a:a 3 + r 24 a 4 o 3 + a:a 4 + r 3 iai a 4 + ckoi + r 42 o 2 2 + 3 ce 


ChtCng minh 
Ta co: 


- r 43 a 3 


o 2 + aa 3 + r 24 a 4 
- + - 


o 3 + cra 4 + r 3 iai a 4 + ceai + r 42 a 2 


O4 + ctOi0 2 + ri 3 ctici 3 O2 T o:o 2 o 3 + r 24 o 2 o 4 


0 3 + CCCi 3 0 4 + t” 3 i0 3 0i O4 + 0:0401 + V 4 2 040 2 

> B[(a\ + aaia 2 + r i 3 aia 3 ) + (a| + a:a 2 a 3 + r 24 a 2 04) 
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+ (03 + aa 3 a 4 + rzia^a\) + ( a\ + a.a±a\ + r420402)] > (04 + 02 + 03 + 04) 2 


B 

B 

B 


(Theo bat dang thde Bunhiacopxki doi vdi 4 cap so) 

> (04 + 0 2 + O3 + Q4) 2 

(o 2 + o;aia2 + O4O3) + • • • + (o 2 + OiCt^(i\ + 04O2) 

> (04 + a 2 + a 3 + 04) 2 

(ai + 02 + 03 + 04) 2 + (a — 2)(aia2 + • • • + 0304) 

> (04 + a- 2 + a 3 + a 4 ) 2 

(ai + 02 + 03 + 04) 2 + ( a . — 2 ) | (ai + 02 + O3 + 04) 2 


1 + | ( 2 a — 2 ) 8 + 3 (a — 2 ) 2 + 3 ct 

Dau ” = ” xay ra khi 04 = 02 = 03 = 04 

Trong bai toan tong quat nay ta chon cac dieu kien: ri 3 = r 2 4 = r 31 = r 42 = a 
con a = 2 a ta dupe Bai 2 

X Trong trrfdng hdp n=5 so 


0402 0403 0404 

o 2 a 3 0204 o 2 a 5 
a 3 a 4 o 3 a 5 0304 
a 4 a 5 0404 a 4 a 2 
^0504 0502 0503 y 


Nhan thay rang cac phan tit: 

Cot 1 xuat hien duy nhat 1 trong chmh cot 1 

Cot 2 thi cac phan td xuat hien 2 lan: mot lan trong cot 2 va mot lan trong cot 3 
hay cot 2 va cot 3 la giong nhau. 

Dang bai toan tong quat cua trrfdng hdp 5 so nay la: 

Cho 5 so khong am 04, a 2 , o 3 , 04, o 5 , so thitc a > 2 va cac so thrtc r 13 , ru, r 2 4, ^25, r 35 , 
r 3 i, r 41 , r 42 , r 52 , r 53 thoa man he thde: 

f fi$ + r 3 i (Tong 0403) = r 14 + r 41 (Tong 0404) 
r 2 4 + r 42 (Tong a 2 o 4 ) = r 25 + r 52 (Tong a 2 a 5 ) 


r 3 5 + r 53 (Tong a 3 a 5 ) 


thi 

C = 


04 + aa2 + r 4 3 a 3 + ^404 02 + aa 3 + r 2404 + r 25O5 o 3 + aa4 + +r 3505 + r 3404 

_!_04_!_05_ > 5 

04 + aas + r 4404 + r 42 a 2 05 + acq + r 52O2 + v 5303 1 + 2a 
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Chtfng minh. 


04 + aa 2 + ri 3 a 3 + ^404) a 2 + oca 3 + r 24 a 4 + r 2 §a 3 ) a 3 + 0:04 + r 35 05 + r 3 iOi 
04 a 3 

+-; - —-;-+ - 


04 + «a 5 + r 4101 + r4 2 a 2 05 + 0:04 + r 5 2 a 2 + r 5 3 a 3 


&C=- 


a{ + aaia 2 + ri 3 aia 3 + ri 4 aia 4 a\ + aa 2 a 3 + r 24 a 2 a 4 + r 25 a 2 a 5 


a| + 0:0304 + r 35 a 3 a 5 + r 3 ia 3 ai aj + 0:0405 + r 4 ia 4 ai + r 42 a 4 a 2 


o§ + 0:0501 + r 52 o 5 o 2 + r 53 o 5 a 3 

=+ ( 7 [(af + aoia 2 + ri 3 oio 3 + ri 4 aio 4 ) + (o| + aa 2 a 3 + r 24 a 2 a 4 + r 25 o 2 a 5 ) + (a| + aa 3 o 4 -h 
^ 3 ^ 3503 ^ 5 +^ 3103 ^ 1 ) + ( 04 + 0 : 0405 +r 4 ia 4 a 1 +r 42 a 4 a 2 ) + (a|+ 0 : 050 !+r 5 2 0 5 0 2 +r 5 3 050 3 )] > 
(ai + a 2 + a 3 + 04 + O5) 2 

(Theo bat dang thtre Bunhiacopxki vdi 5 cap so) 

g > _ (ai + a 2 + a 3 + a 4 + a 5 ) 2 _ 

(af + o:oia 2 + 0i0 3 + 0404) + • • • + (of + 0:0504 + r 50502 + s 3 a^a 3 ) 

> _ (ai + 02 + 03 + 04 + O5) 2 _ 

(aj + o 2 + a 3 + 04 + 05) 2 + (a — 2)(aio 2 + ■ • • + 0405) 

^ > _ (ai + a 2 + a 3 + a 4 + a 5 ) 2 _ 

(a^:#a 2 + a 3 + 04 + O5) 2 + {01 — 2)f(04 + a 2 + a 3 + 04 + a 3 ) 2 

1 = 5 = 5 

1 + |(a: — 2) 5 + 2(o: — 2) 1 + 2 a 

Dau bang xay ra khi 04 = o 2 = a 3 = o 4 = a 5 

Trong bai toan nay neu ta chon cac dieu kien: 

Neu ri 3 = r 3 i = r 2 4 = r4 2 = r 35 = r 53 = r4i = ru = a con a — 2 a ta se dtfdc 


Bai 3 

Neu ri3 = r 24 = r 35 = r 4 i = r 52 = a; r 31 = r 42 = r 53 = r 41 = r 52 = 0 con a = a 
ta se ditdc Bai 4 

X Trutdng hcfp n= 6 s 6 


^ai a 2 

Oia 3 

a 2 a 3 

a 2 a4 

a 3 a 4 

0305 

0405 

0406 

&5&6 

a 5 Oi 

ya 6 ai 

a 6 a 2 


0404 0405 

o 2 a 5 o 2 a 6 
a 3 o 6 a 3 ai 
0404 a 4 a 2 
a 5 a 2 a 5 a 3 
a 6 a 3 a 6 a4 y 
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Nhan thay rang cac phan tit: 

Cot 1 xuat hien duy nhat 1 lan trong chinh cot 1 

Cot 2 thi cac phan tit xuat hien 2 lan: mot lan trong 2 va mot lan trong 4 hay cot 
2 va cot 4 la giong nhau. 

Cot 3 thi moi phan tit xuat hien 2 lan. 

Trong trrfdng hpp 6 so nay ta xay ditng bai toan tong quat la: 

Cho 6 so khong am 01,02,03,04,05, o 6 so thitc o > 2 va cac so thife r 13 , r 14 , r 15 , r 24 , r 2 5, 
r-26, ^35, r 36 , r 3i , r 46 , r 41 , r 42 , r 51 , r 52 , r 53 , r 62 , r 63 , r 64 thoa man: 

fi3 + r 3 1 (Tong 0103) = r 14 + r 41 (Tong aia 4 ) = r 5 i + ri 5 (Tong 0i0 5 ) 

a= U 24 + r 42 (Tong o 2 a 4 ) = r 62 + r 26 (Tong a 2 a 6 ) = r 25 + r 52 (Tong a 2 a 5 ) 

r 3 5 + ^53 (Tong a 3 a 5 ) = r 46 + r 64 (Tong a 4 a 6 ) = r 36 + r 63 (Tong a 3 a 6 ) 


ai + oa 2 + ri 3 a 3 + ri 4 a 4 + ri 5 o 5 a 2 + oa 3 + r 2 ±a± + r 25 a 5 + r 26 a 6 
, 03 _ + _ a 4 


a 3 + «a 4 + r 3505 + r 3 606 + r 3 iOi a 4 + 0:05 + r4606 + r 4 i a 4 + r 42 a 2 

+ _ 05 __oe_ > 12 

05 + crag + ^5101 + T 32 a 2 + r 33 a 3 a$ + oa 4 + r62 0 2 + r^ 3 a 3 + r6 4 a 4 2 + 5 o 

Chilng minh. 

Ta co: 

E = -—-+-—- 

a 4 + oa 2 + r i 3 a 3 + ri 4 a 4 + r 1505 a 2 + oa 3 + r 24 a 4 + r 2505 + r 2 606 

_l_03__ o 4 


a 3 + oa 4 + r 3 5 05 + r 3 606 + r 3 iOi a 4 + 005 + r 4 606 + r 4 ia 4 + r 42 o 2 
+ —-^-;-+ - 


05 + 006 + 51O1 + r 5 2 a 2 + r 5 3 a 3 06 + oa 4 + r 62O2 + r 6303 + r640 4 ) 


a 1 + 00102 + r i 3 aio 3 + r i 4 aia 4 + r 150105 + 00203 + r 240204 + r 23 a 2 a 3 + r 2 aa 2 aQ 


a 3 + oa 3 a 4 + r 33 a 3 a 3 + r 3 60 3 06 + r 3 ia 3 oi a 4 + 00405 + r 46a 4 06 + r 4 ia 4 ai + r420402 


05 + 00506 + ^510501 + r 32 a 3 a 2 + r 33 a 3 a 3 Og + oaeOi + r§ 2 a§a 2 + r§ 3 a§a 3 + r6 4 06a 4 
> -E'[(o 2 +ooia 2 +rI 3 aia 3 +ri 4 aia 4 +ri 50 ia 5 ) + (a|+oo 2 a3+r 2 4a 2 a4+r 2 5a 2 a5+r 2 60 2 06)+’ 


(a| + oa 3 a 4 + r 350305 + r 3 60 3 06 + r 3 io 3 ai) + ( a\ + 00405 + r 4 6a 4 a6 + r 440401 +r 4 2a 4 a2) + 
(a|+or5605a 6 +r5ia 5 Oi+r520 5 a 2 +r 53 a 5 a3,) + (al+aa 6 ai+r 62060 2 +r6 3 060 3 +r64O6O4)] > 
(ai + a 2 + a 3 + a 4 + 05 + clq ) 2 

(Theo bat dang thitc Bunhiacopxki vdi 6 cap so) 

e ^ (01 + a 2 + a 3 + a 4 + 05 + ae) 2 

(ai + o| + o| + o 4 + a| + Og) + o(o 4 02 + • • • + O 5 O 6 )] 
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^ > (°1 + °2 + 03 + a 4 + + ° 6) 2 

(oi + a 2 + o 3 + 04 + 05 + ctg) 2 + (a — 2)(aia 2 + ■ • • + ct^cia) 

E ^ (®i + a 2 + 03 + a 4 + 05 + a 6) 2 

(ai + ■ • • + a 6 ) 2 + (a — 2)^(ai + • • • + a 6 ) 2 
_ 1 _ 12 12 _ 12 
^ “ 1 + ^(2a - 2) “ 12 + 5(a - 2) “ 2 + 5a “ 2 + 5a 

Dau bang xay ra khi oq = a 2 = a 3 — a 4 = a 5 = a 6 

Trong bai toan nay neu ta chon cac dieu kien: 

Neu ri 3 = ru = r i5 = r 24 = r 25 = r 26 = r 35 = r 36 = r 31 = r 46 = r 44 = r 44 = 
r 5 i = r 52 = r 53 = r 62 = r 63 = r 64 = a va a = 2 « thi ta co Bai 5 

Neu r 15 = r 26 = r 3i = r 42 = r 53 = r 64 = 0 ; r 14 = r 25 = r 36 = r 4i = r 52 = r 63 = a 

va r 43 = r 24 = r 35 = r 46 = r 54 = r 6 2 = 2 a thi ta co Bai 6 

X TrtfcJng hcfp n= 7 so 


^ a x a 2 

aia 3 

aia 4 

aia 5 

GqiO 

a 2 a 3 

a 2 a 4 

a 2 a 5 

a 2 a 6 

0 2 0 7 

a 3 a 4 

a 3 a 5 

a 3 a 6 

a 3 a 7 

a 3 a 4 

a 4 a 5 

a 4 a 6 

a 4 a 7 

a 4 a 4 

a 4 a 2 

a 5 a 6 

a 5 a 7 

a 5 ai 

C*5 a 2 

a 5 a 3 


a 6 ai 

a^a 2 

a§a 3 

a6 a 4 

^a 7 ai 

a 7 a 2 

a 7 a 3 

CL 7 CL 4 

o 7 «5 y 


Nhan thay rang cac phan til: 

Cot 1 xuat hien duy nhat 1 lan trong chinh cot 1 

Cot 2 thi cac phan til xuat hien 2 lan: mot lan trong cot 2 va mot lan trong cot 5 
hay la cot 2 va cot 5 la giong nhau nhau. 

Cot 3 thi cac phan td xuat hien 2 lan: mot lan trong cot 3 va mot lan trong cot 4 
hay hai cot 3 va cot 4 la giong nhau. 

Trong trrfdng hpp nay ta xay drfng bai toan tong quat vdi 7 so nhrf sau: 

Cho 7 so khong am a 4 , a 2 , a 3 , a 4 , a 5 , a 6 , 07 so thrfc a > 2 vaso thrfc r 43 , r 44 , ri 5 , r 46 , r 24 , 
^ 25 , r 2 e, r 27 , r 35 , r 36 , r 37 , r 3 i, r 46 , r 47 , r 44 , r 42 , r 57 , r 5 i, r 52 , r 53 , r 6 i, r 62 , t 63 , r 64 , r 72 , r 73 , r 74 , r 75 
thoa man: 
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f 13 + r 3 i (Tong aia 3 ) 
t 16 + r 6 i (Tong aide) 
r 26 + r 62 (Tong a 2 a 6 ) 
f 36 + r 63 (Tong a 3 a 6 ) 
r 47 + r 74 (Tong o 4 o 7 ) 


T 14 

+ f 41 

(Tong 

0i0 4 ) = 

- 7-15 

+ r 54 

(Tong 

0105) 

T 24 

+ r 42 

(Tong 

a 2 a 4 ) = 

= r 25 

+ t '52 

(Tong 

a 2 a 3 ) 

r 27 

+ f 7 2 

(Tong 

o 2 a 7 ) = 

= r 3 5 

+ r 5 s 

(Tong 

a 3 a 5 ) 

r 3 7 

+ r 73 

(Tong 

o 3 o 7 ) = 

= r 46 

+ r 6 4 

(Tong 

a 4 a 6 ) 

r 57 

+ r 75 

(Tong 

o 5 o 7 ) 






a 4 + aa 2 + r 43 a 3 + r 44 a 4 + r\ 3 a 3 + r 1606 o 2 + a:a 3 + f 24O4 + r 25O5 + f 26^6 + y2 7 o 7 
+ _ 03 _ _ 04 _ 

a 3 + «a 4 + r 35 a 5 + r 36 a 6 + r 37 a 7 + r 3 ia 4 a 4 + aa 5 + r 46 a 6 + r 47 a 7 + r 44 ai + r 42 a 2 

_l_ O5 ^ 06 

05 + aa6 + +r5 7 a 7 + r 5101 + rs 2 a 2 + r 33 a 3 06 + aa 7 + r^\a\ + r 6 2 a 2 + t 6303 + r 6404) 

+- * -> 7 

a 7 + aa 4 + r 72 a 2 + r 73 a 3 + r 74 a 4 + r 7 5a5 1 + 6a 

Cluing minh. 

Ta co: 

Tildng tit each cluing minh tren ta co: 

^ y (01 + a 2 + a 3 + a 4 + 05 + 06 + a 7 ) 2 

(a 2 + a| + a| + o 2 + a| + Og + a 2 ) + a(aio 2 + • • • + 060 7 )] 

> (ai + a 2 + a 3 + a 4 + 05 + 06 + o 7 ) 2 

(01 + a 2 + a 3 + a 4 + 05 + 06 + o 7 ) 2 + (a: — 2)(aio 2 + • • • + 060 7 ) 

, . (01 + a 2 + a 3 + a 4 + 05 + 06 + a 7 ) 2 


(01 + ■ ■ • + o 7 ) 2 + (a — 2 )|(ai + ■ • • + o 7 ) 2 


^ M “ 1 + § (a - 2) 7 + 3(a - 2) 1 + 3a 

Dau bang xay ra khi ai = a 2 = a 3 = a 4 = a 5 = o 6 = a 7 

Trong bai toan tong quat vdi 7 so nay ta chon cac dieu kien cu the: 

Neu lay cac r l3 — a va a = 2a ta dtfdc Bai 7 

Neu lay r 46 = r 27 = r 31 = r 42 = r 53 = r 64 = r 75 = 0; r Vi = r 24 = r 35 = r 46 = 

r 57 = r 6 1 = r 72 = 2a va con lai r l3 — a thi ta dildc Bai 8 

Neu lay r 15 = r 26 = r 37 = r 44 = r 52 = r 63 = r 74 = r 16 = r 27 = r 31 = r 42 = r 53 = 

r 6 4 = r 75 = 0 va con lai r tJ = a thi ta dtfdc Bai 9 

Trtfdng hcfp tong quat 
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Ta xay dilng ma tran he s6 cd n.(n — 2) 



^cqa 2 

aia 3 ••• 

OlCln-1^ 


a 2 a 3 

a 2 a 4 ••• 

a 2 a n 


^a n a i 

a n a 2 ■ ■ ■ 

OnOn-2/ 


Trong tritdng hdp nay ta se dtfng dtfdc bai tdan tdng quat sau day: 

Chd n so khdng am a*, i = 1, n (n > 3); s6 thitc a > 2 va i, j — 1, n thoa man 


r ij + r ji — a tin 


P — -—[-1- n -- n - 

Gq + aa 2 + ^2 rudi a 2 + cm 3 + f2%ai a n + aai + ^ r n a* 


2 n 

2 + (n — 1 )a 


Chting minh 

C6 the viet lai bieu thilc cua P nhd sau: 

a\ a| ai 

P = -—[-1- n -1-1- ^Z2 - 

a\ + aaia 2 + r u a i a i a 2 + oia 2 as + Yi r 2 ia 2 ai a 2 _|_ Y r n ia 2 ai 


Ap dung bat dang thilc Bunhiacopxki vdi n cap s6 ta d+fdc: 


P > 
&P> 


(ai + ■ ■ • + a n 


&P> 


(ai H-b a n ) 2 + (a - 2)(aia 2 H-b a n _ia n ) 2 

{(i i + Ajjrh (l n) 2 

(ai +-b a n ) 2 + (a — 2 )^( 0 ! +-b a„) 2 

1 2 n 


1 + ( a - 2 ) r k 1 2 + (n-l)a 

Vay bai toan tong quat da ditdc chiing minh. 

Ta chia n thanh 2 trildng hdp, ting vdi n chan va le. 

Vdi trudng hdp chan n = 2m thi ta co: 


oqa 2 oqa 3 
a 2 a 3 a 2 a 4 


020)11+2 


d\a 2 m- 
02«2m 


A 
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Nhan thay rang cac phan til: 

Cot 1 xuat hien duy nhat 1 lan trong chmh cot 1 

Cot 2 thi cac phan til xuat hien 2 lan: mot lan trong cot 2 va mot lan trong cot 
2m — 1 hay la cot 2 va cot 2 m — 1 la giong nhau. 

Cot i thi cac phan til xuat hien 2 lan: mot lan trong cot i va mot lan trong cot 
2 m — i hay la cot i va cot 2 m — i la giong nhau. 


Duy nhat cot thil m la cac phan til trong cot xuat hien 2 lan trong chmh cot m. 
Viec xay drfng bat dang thilc xoay vong drfa tren cd sd danh gia sit co mat day 
du cua aia 2 , • • • , a n -i«n khi cong tong mau cua tat ca cac phan thilc bat dang thilc 
sao cho chung co cung ti le. 

Ta chi ra mot trrfdng hdp dac biet cua bai toan tong quat vdi n = 2 m bang each 

^ ^ ? . Oi 

lay fij — 0 neu no nam ben phai cot thi! m trong ma tran; r VJ — — neu no nam tren 
cot thil m cua ma tran va r l3 = a tai cac vi tri con lai ben trai cot thil m 

Cho n = 2 m so khong am a*, i — 1 , n, n > 3 va a > 2 
_ a i cio 

Pi = --- I -1--- I -1—b 

ai + a:(a2 + • • • + a m + ^a m+ 1) a 2 + a:(a3 + • • • + a m +i + 2 «m+2) 

a n ^ 2 n 

a n + a:(ai + • • • + ct m -i + 2 + (n — 1 )a 


Vdi trudrig hdp le n 

= 2m + 1 thi ta cd: 


^ aia 2 aia 3 


a l°m+2 

aia 2m 

0,2^3 a 2 04 

d2Ctm+l 

0>20>m+2 

Ct 2 Ct2m+l 

y a 2m+l a l a 2m+ l a 2 ' ' ' 

Q2m+l®m+l 

a 2m+l a m+2 ' ' 

' a 2m+l a 2m~] 


Nhan thay rang cac phan til: 

Cot 1 xuat hien duy nhat 1 lan trong chmh cot 1 

Cot 2 thi cac phan til xuat hien 2 lan: mot lan trong cot 2 va mot lan trong cot 
2m — 1 hay la cot 2 va cot 2m — 1 la giong nhau. 


Cot i thi cac phan til xuat hien 2 lan: mot lan trong cot % va mot lan trong cot 
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Khosi luan tdt nghiep toan sd ckp Six Pham Toan 48 

2m — i + 1 hay la cot i va cot 2m — i + 1 la giong nhau. 

Cot m thi cac phan tii xuat hien 2 lan: mot lan trong cot m va mot lan trong cot 
m + 1 hay la cot m va cot m + 1 la giong nhau. 

Bang phitong phap xay ditng tren ta chi ra mot tntdng hpp don gian. Bang each 
chon cac r tJ — 0 th hang thh m + 1 sang phai; con lai rp = a thi 

Cho n = 2m + 1 so khong am a*, i = 1 , n, n > 3 va a > 2 thi: 

p 2 = __ + __+ + 

ai + o:(a2 + • • • + a m + 1) ^2 + o:(n 3 + • • • + a m + 2) 

a n > 2 n 

o, n + a:(ai + • • • + d m ) 2 + (n — l)o: 

Tom lai de xay dufng mot bai toan ciing loai can phai danh gia stf co 
mat dong thdi cung ti le cua cac 0102 , • • • , a n _ia n ditdi mau so cua bat dang 
thde. Bang phdcfng phap danh gia nay ta co the xay ddng vo s6 cac bai toan 
cung loai, va xay ddng ddcfc nhieu dang bat dhng thde khac. 
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Ket luan 

Tom lai qua khoa luan nay em da xay dung dude mot dang bai toan bat dang 
thiic xoay vong, giai quyet tron ven dude bai tdan tdng quat. Dat cd sd cho viec xay 
dung cac dang bai tdan loai nay, cu the la: 

1. Xay dung dang tong quat cua trudng hdp bat dang thiic xoay vong d cac trudng 
hdp dac biet vdi n — 3,4,5, 6, 7 

+ Tit bai toan tong quat vdi trudng hdp cu the nay ta cd the tao ra vd s6 cac bai toan. 
+ Bang phudng phap quy nap xay dung dude dang tong quat vdi n so hang. 

2. Trong bai toan tong quat em da dua ra dude dang tdng quat cua bat dang tliilc 
xoay vong. Xet bai toan tong quat d trudng hdp dac biet: 

+ n chan n = 2m (m e N) 

+ n le n = 2 m + 1 (m e N) 

- Cung tit bai toan tong quat vdi n so nay ta cd the suy ra dude dang tong quat cua 
cac bai toan d trudng hdp dac biet edn lai, la cd sd de xay dung vd s6 cac bai toan 
cung loai. Cd sd de phan tich xay dung nhieu bai toan khac. 


GV httdng din: TS NguySn Vu LvtOng 


65 


Sink vien: Nguy§n Van CvtOng 



Khoa luan tot nghiep toan sci cap 


Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 

Sit Pham Toan 48 


Tai lieu tham khao 

1. Nguyen Vu Ludng 

Xay dung bat dang thtfc mot bien nhd bat dang thtfc gitfa trung binh cong va 
nhan va ap dung. Hoi nghi khoa hoc "Cac chuyen de chon loc trong he THPT 
chuyen." (Ha Noi 2005) 

2. Nguyen Vu Ludng, Pham Van Hung, Nguyen Ngoc Thang 
Cac bai giang ve bat dang thtfc Cdsi. (2005) 

3. Nguyen Vu Ludng, Pham Van Hung, Nguyen Ngoc Thang 
He phudng trinh va phudng trinh chila can thtfc. (2005) 

4. Nguyen Vu Ludng, Pham Van Hung, Nguyen Ngoc Thang 
Cac bai giang ve phudng trinh ludng giac. (2005) 

5. Nguyen Van Mau 

Bat dang thhc dinh ly va ap dung (2006). 

6. Pham Van Hung 

Mot each chtfng minh bat dang thtfc dang phan thtfc. Hoi nghi khoa hoc "Cac 
chuyen de chon loc trong he THPT chuyen." (Ha Noi 2005) 

7. Andreescu. T. and. Feng. Z (2000) 

Mathermatical Olympiads: Problems and Solusions from Around the World, 
Mathermatical Association of Americal, Washington. DC. 

8. J. Michael steele (2004) 

The Cauchy- Schwarz master class, Mathermatical association of the Americal, 
Cambridge University press. 

9. D. S. Mitrinovic, J. E. Pecaric and A. M. Fink 

Classical and New inequalities in Analysis. Kluwer acadmic publishers. 

10. C. H. Hardy, J. E Littlewood, G. Polya (1952) 

Inequalities. Cambridge University press. 


GV hitdng din: TS Nguyin Vu LvtOng 


66 


Sink vien: Nguy in Van CvtOng 




